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Summary 
By a theorem of Garland we know that the tame kernel of an algebraic number field 
is a finite abelian group. However, given a certain number field, it is a difficult task 
to actually compute its tame kernel. We have to confine ourselves to solve problems 
that appear to be less difficult, such as calculating the orders of tame kernels of 
algebraic number fields. But even this is not an easy thing to do. So we divide 
our problem into small parts, by trying to calculate prime power ranks of the tame 
kernel, for various prime numbers and exponents. If we are able to compute these 
ranks for sufficiently large powers, we will obtain enough information to calculate 
the complete order of the tame kernel. There is a technique, due to F. Keune, 
that enables us to actually calculate such ranks. It involves the computation of 
certain ranks of ideal class groups of certain number fields, making use of an exact 
sequence. The technique works for all number fields, and for all odd prime numbers. 
Many of the considerations also will work for the prime number 2, but there are 
a few places in the theory of F. Keune where the prime 2 raises obstructions. 
This thesis discusses 2- and 4-ranks of tame kernels of quadratic number fields. 
The 4-ranks are calculated with Keune's exact sequence. It turns out that we are 
able to remove the above mentioned obstructions whenever we restrict ourselves to 
quadratic number fields. 
There is also a method that gives us an educated guess about the order of the 
tame kernel. It makes use of the Lichtenbaum conjecture, which relates the order 
of the tame kernel to values of certain L-functions. For totally real number field 
this conjecture is better known as the Birch-Tate conjecture. This conjecture is 
known to be true for all odd prime divisors of the order of the tame kernel. Now 
we have two ways of getting hold of the order of tame kernels, and it is interesting 
to compare their results. 
The thesis is sectioned into four chapters. The first chapter contains no new 
material, and its purpose is to give a brief introduction to the theory covered in 
the rest of this thesis. In particular, the classical results on the 2-rank of tame 
kernels are covered. The second chapter handles Keune's exact sequence, with the 
emphasis on the behaviour of the prime number 2. As a result of the observations 
made in chapter 2, we obtain formulas on the 4-rank of tame kernels of quadratic 
number fields. The third chapter discusses various kinds of 4-rank formulas. We 
will also study quadratic number fields that have elementary 2-primary component. 
Finally, in chapter 4 we study the relation of 4-ranks to the Lichtenbaum conjecture, 
and we try to check this conjecture for some examples. The Bloch group plays an 
important role in this discussion. As a byproduct of the observations of this chapter, 
we obtain some results on Abel's five term equation involving the Dilogarithm. 
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Notations and definitions 
® Definitions are denoted by A := В and В = : A. 
® By N, Z, Q, R and С we denote the set of non-negative integers, integers, ratio-
nals, real numbers and complex numbers respectively. We assume 0 G N. For the 
positive integers we use the notation N " . If Л is a commutative ring with 1, then 
R* is the group of units of R. If or € R, then both orß and (a) denote the ideal 
in R generated by a. More general, if V is a subset of R, then both VR and (V) 
denote the ideals generated by V. The notations (a) and (V) are used whenever 
there cannot arise confusion about the ring R where α or К are contained in. 
® If G is a group, then (σ) is the subgroup of G generated by the element σ G G. 
By (Ω) we denote the subgroup of G generated by the subset {Ω} С G. The order 
of an element σ 6 G is denoted by ord (σ). The order of a group G is denoted by 
| G | . If Я is a subgroup of G, we denote the index of Я in G by [G: Я ] . 
® Let A be a abelian group, denoted multiplicatively, and let η £ Ν*. We denote 
the subgroup of n-th powers of A by An :— { α η | α £ A }. We define
 n
A := 
{a | a™ = 1 } and A/n := A/An. Let ρ be a prime number. If A is a torsion 
group, then the p-primary component of A is denoted by (A) . Let r 6 N*. The 
number of cyclic summands of order p' in (A) with * > г is the p r -rank of A, 
which we denote by rkpr (A). The group A has (an) exponent e e Ν* if α ' = 1 for 
all a G A. A finite group is called a p-group, if its order is a power of p. A p-group 
A is called elementary if ρ is an exponent of A. 
® Let η 6 N*. By ζ
η
 we denote the primitive n-th root of unity in С defined by 
ζ
η
 := e » . We denote the group of n-th roots of unity by μ
η
 := (ζ
η
). If F is a 
field, then the group of all roots of unity of F will be denoted with μ (F). 
® In this thesis, algebraic number fields are considered to be subfields of C. Let F 
be an algebraic number field. Let ρ be a prime number. A prime p of F is called 
p-adic, if p divides (p). By abuse of notation, we will write p | p . If ρ is finite, the 
number of p-adic primes of F is denoted by gp (F). The number of real infinite 
primes of F is denoted by r i (F), while the number of complex primes of F is 
МП 
® Let F be an algebraic number field. By Op we denote the ring of integers of F. 
The ideal class group of F is denoted by С£(Ор), and the narrow ideal class group 
is denoted by C£+ ( O F ) - A class in C£(Or) with representing fractional ideal α is 
denoted by [a], while a class in Cê+ (Of) is denoted by [a]+. 
® Let F be an algebraic number field, and let S be a finite set of primes of F. An 
element of 5 is called an 5-adic prime. By So we denote the set of finite primes in 
5 . We define the S-adic integers Ops by 
ix 
OF.S := { a E F | Vp
eS() [νψ (о) > 0] }. 
The ideal class group of Of^ is denoted by C£(OF
:
S), and is called the 5-ideal 
class group of F. This ideal class group can also be described by 
a(oF,s) = ce(oF)/{p\pestt). 
If ρ is a prime number, and 5 is the set of p-adic primes, then Op,5 = 0/·[ί]. 
® An extension of fìelds will be denoted by E: F, or with a Hasse-diagram: 
E 
η 
F 
In this diagram η is the degree of the extension, also denoted by [E: F]. If E: F is 
a Galois extension, then we denote its Galois group by Gal (£7: F). The identity of 
Gal(£: F) is denoted by 1. If Я is a subgroup of Gal(£: F), then we denote the 
fixed field of E with respect to H by EH, in other words 
EH : = { a e £ I W [σ(α) = *] }. 
The norm map is denoted by NE/F-
@ Ideals of number fields generally are denoted by gothic characters, such as α or φ . 
If φ is a prime of E, and p a prime of F, we denote the fact that φ is lying over 
p by φ I p. Let ф | р , then ег(Ф) and / г ( ф ) are the ramification index and the 
residue class degree of ф over F respectively. If E: F is Galois, then we write e), ' 
and fp ' rather than e? (ф) and f ρ (ф). The number of primes in E lying over p 
is the decomposition number of p in E, denoted by Pp ; . 
χ 


CHAPTER 1 
CLASSICAL RESULTS 
1 Classical results 
1.1 Symbols 
In this section we will discuss the subject of symbols. We will consider the 
Steinberg symbol, Hilbert symbols and tame symbols. Tame symbols are used 
to construct the tame kernel, which is the main object of our study. 
The study of the Steinberg symbol and the tame symbols actually belongs to alge­
braic K-theory, but we do not require the reader to know much about this topic. 
However, the reader who likes to get acquainted with the subject of algebraic K-
theory, is recommended the expository textbook of J.Milnor [18]. The terminology 
mainly origins from Tate [22]. We start with the definition of the basic notion: the 
symbol. Let F be a field, and let A be an abelian group (written multiplicatively). 
1.1.1 Definition. A symbol on F (with values in A) is a map 
(, ): F* χ F* — A 
satisfying the following identities: 
(l.l.i) (al,ß)(a2<ß) = (ala2,ß) for all at, at, β £ F', 
(l.l.ii) (α,β1)(α,β2) = {αιβιβ2) for all a, ßy, ß2 e F', 
(l.l.iii) ( α , 1 - α ) = 1 for all a G F" \ {1}. 
By substituting α by - in equation (l.l.iii), and then using the first two identities, 
we obtain 
(l.l.iv) ( α , - β ) = 1 for all a e F*. 
If we substitute a by aß in equation (l.l.iv) and expand, we obtain 
(l.l.v) (α,β)-λ = (β,α) for alla,/? e F*. 
Hence a symbol on F is a bilinear, anti-symmetrical map on F* χ F*. 
1.1.2 Definition. Let F be a field. Then the abeltan group K2 (F) is defined as 
the group with generators {a, b), where a, b e F*, which are subject to the following 
relations: 
(l.l.vi) {α
ι
,β}{α2,β} = {α1α2,β} for all au a2, β £ F', 
(l.l.vii) {
α
,β
ϊ
}{α,β2) = {α,βιβ2} for all a, ßu β2 € F\ 
(l.l.viii) { α , 1 - α } = 1 for all a £ F" \ {!}. 
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From the above definition it is obvious that the map { , } is a symbol on F with 
values in K2 (F). We call { , } the Steinberg symbol on F . The Steinberg symbol 
thus is a universal symbol, which means that every symbol s on F with values in 
an abelian group A induces a unique homomorphism φ, : К? (F) —* A with the 
property 
Д К б } ) = 8 (α, Ь) for all α, 6 e F*, 
or in other words, the diagram 
F* χ F* —'-» K2 (F) 
*\ Λ­
Α 
commutes. Actually, Kj-groups are defined in a much more general sense. In 
algebraic K-theory there are abelian groups K2 (R) for every ring R. The group 
K2 (R) contains special elements {a, 6}, with a, 6 6 R*. These elements {0,6} are 
called Steinberg symbols, and are subject to the above mentioned relations (1.1.vi), 
(1.1.vii) and (1.1.viii). It then is a theorem, that if Л is a field, these symbols 
exactly yield the presentation of K2 (R) which is given in definition (1.1.2). This 
is Matsumoto's theorem. For an outline of this theory see [18]. 
Let F be an algebraic number field, and let ρ be a prime of F. By Fp we denote 
the completion of F with respect to the p-adic valuation ν
ν
 (). The number of roots 
of unity of Fp is denoted by nip (F). Let m|mp (F). Then there exists a symbol 
called the m -th Hilbert symbol on Fp satisfying the following properties: 
(І.І.ХІ) ( ^ - ^ ) = 1 f o r a l l a e F p * \ { l } , 
(l.l.xii) ( ^ - J = 1 ·<=> a is a norm in Fp from Fp (\/P). 
From the above mentioned properties immediately follows that the m-th Hilbert 
symbol is a symbol on Fp in the sense of definition (1.1.1). The Hilbert symbol is 
defined via the so called norm residue symbol. Confusingly the Hilbert symbol 
sometimes also is referred to as the "norm residue symbol". The explanation for 
this phenomenon is the fact that from (l.l.xii) follows that the Hilbert symbol 
detects norm residues. We will not give a definition of the norm residue sym­
bol, but mention its major properties. From these properties we then will derive 
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some additional properties of the Hilbert symbol. The norm residue symbol is a 
homomorphism 
•E/F ]=v Gal(£;:F) 
where E: F is an abelian extension, and p is a prime of F. It has the following 
properties: 
kerQll|^])=^/F,(Ev·), 
and 
Here φ is a prime of E lying over p, the field Ey is the completion of E with 
respect to φ , and Zp ' is the decomposition group of ρ in E, defined by 
^
£ )
: = { < r e G a l ( £ : F ) Ι σ(φ) = φ }. 
The norm residue symbol is used to define the m-th Hilbert symbol in the following 
way: 
(W a,F{'^/ß)lF Ш for all α, β € F/. VP 
From this definition it is possible to derive all former mentioned properties of 
the Hilbert symbol, such as (1.1.ix) until (l.l.xii). One major property still is 
unmentioned, which comes from the reciprocity law for the norm residue symbol. 
This law states that 
Π 
Ρ 
a; E/F 
= 1 for all α € F*. 
The product is to be taken over all primes of F. By substituting the appropriate 
parameters, this reciprocity law for the norm residue symbol boils down to the 
reciprocity law for the Hilbert symbol: 
(l.l.xiii) Π (—1 = 1 for allo, β e F*. 
P \ P /m 
The Hilbert symbol can be exponentiated in the obvious way. 
(l.l.xiv) ( —'— ) = [ —'— ) for all divisors mn of m« (F). 
For infinite primes ρ of F the Hilbert symbol can be computed with the next two 
rules: 
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(l.l.xv) ( —'— ) = 1 for all complex primes p and α,β G Ρ
ν
*. 
V Ρ /m 
For real infinite primes p we have the following equation: 
(l.Lxvi) ( ^ ) ={ 
4 p / 2 (,-1 if σ{α) < 0 and σ(β) < 0, 
where σ is the real embedding corresponding to the prime p. Notice that if ρ is a 
real infinite prime, then Fp = R, so μ (Fp) = μ?, hence гпр (Fp) = 2. 
Another important property is the "taming" of the Hilbert symbol, which re­
quires the Teichmüller character ω. This is a homomorphism ω: Rp* —* μ/
ρ 
with ip = \kp'\, defined on the unit group of the discrete valuation ring Rp := 
{ a 6 Fp \vp (a) > 0 }. Let nip be the maximal ideal of Rp. Then ßp/mp is canon-
ically isomorphic to the residue field kp. Hensel's lemma implies that all /p-th 
roots of unity are included in Rp, and moreover, all roots of unity are different 
modulo Шр. Notice that from the above observation we may conclude: lp |mp (F). 
Define the group Rp := {a G Rp | о = 1 (mod p) }. Via the canonical iso­
morphism (-Rp/iTu) — Ар'/д^1) we obtain the isomorphism 
or in other words: every local unit о G Rp* can be uniquely decomposed as 
a — ω (α) (α), 
where ω (α) is a /p-th root of unity, and (a) is an element of Rp '. This defines 
the Teichmüller character ω. For the Teichmüller character the following property 
holds: 
(l.l.xvii) ω (a) = a (mod p) for all a 6 Яр*. 
Now we are able to formulate the "taming" property of Hilbert symbols. Let ρ ^ 0 
be the characteristic of the residue field kp. Let p/m and m|/p, then the following 
equation holds: 
(l.l.xviii) (^£\ = ω ((_l)«.(»)»»(/»)/r»C«)tt-»»W) " for all α, β e Fp'. 
It now is possible to detect most of the trivial Hilbert symbols. From (l.l.xviii) 
we conclude that for all ρ/α, ρ//?, p/m and m|/p we have: 
(l.l.xix) (¥)." 
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Most of the properties of the Hilbert symbol can be found in Neukirch[20]. Another 
good reference on Hilbert symbols is Hasse[12]. 
We conclude this section with a discussion of the tame symbol. Let F be an 
algebraic number field, and let p be a finite prime of F. We define the map 
[. ]p: Fv* x F9' -* V 
by 
[a,/?]p := (-\yA<*)«,(P)av>V>)ß-v>(a) e kp* 
with a, 0 £ Fp*. Here a denotes a residue class in kp". The map [, ]p is called the 
tame symbol at p on Fp. See also Milnor [18]. 
Let ρ be the prime number, such that p |p. Then ρ//ρ, since /p = |Jfcp*| = pJ — 1 
for some ƒ G Ν*. Apply properties (l.l.xviii) and (l.l.xvii), then 
(1.1.XX) ( ^ \ = ω ((-1)·»(«)·.(«α·»(«0-·»(β>) = [a,0\f . 
Hence the tame symbol is a symbol in the sense of definition (1.1.1). 
1.2 The t a m e kernel 
The tame symbols and the Hilbert symbols are intimitely related, as the taming 
property (l.l.xviii) shows. In this section we will discuss the tame kernel in more 
detail. 
We start with fixing some notations. Let {A, \ i G I } be a family of abelian groups, 
where I is some kind of index set. An element in the direct sum φ At is denoted 
•e/ 
by (ж«),е/1 with x, G A,. Let X be an abelian group. If { ƒ,: X —» A, | i G / } is a 
family of homomorphisms, then we define the map ƒ : X —* f| A, entry wise by 
ƒ (x) :=(ƒ,(*)),€/ for all χ G Χ. 
The map ƒ will be denoted by ( / .) ,
€
/ . Let F be an algebraic number field, and 
let p be a prime of F. We define the shorthand mp := Tnp(F) = |^(Fp)|. By 
(»") w e d e n o t e the mp-th Hilbert symbol on F with values in /i(.Fp). From the 
universal property of the Steinberg symbol it then follows that there exists a unique 
homomorphism Ар: K2 (F) —» μ (Fp) which makes the diagram 
F* χ F* —'-* K2 (F) 
(t)\ A 
P(F,) 
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commutative. Consider the direct sum φ /¿(^ρ), where "p g С" means that we 
take the sum over all finite and all real infinite primes. We then have a map 
^••=(K)pecK2(F)^ φ μ{Ρρ). 
pec 
Note that by property (l.l.xix) we only have a finite number of mp-th Hilbert 
symbols (η*^) which are non-trivial. We also define a map 
с: Β μ{Ρ,) ^ μ{Ρ) 
pfC 
induced by entrywise constructed maps cp, which are defined as follows 
(1.2.І) cp(a) := a m ' / m for all a € μ(Fp). 
In this definition m = |μ (F)\ is the number of roots of unity of F. The reciprocity 
uniqueness theorem of C.Moore [19] then states that 
Kt{F)-i~ φ μ ^ ρ ) ^ ~ μ ^ ) - 0 
pec 
is exact. The kernel of the map λ is called the wild kernel of F, and is denoted 
by W2 (F). 
In order to define the tame kernel we expand the tame symbols on Л'г (F) to 
the direct sum φ kf*, where "p < oo" means that we take the sum over all finite 
p<oo 
primes of F. First we define the homomorphism Гр: Л^ (F) —» /fcp* as the map that 
makes the diagram 
F' X F* —'—• K2 (F) 
[•I \ A 
V 
commutative. We define r := (rp)p<0 0: K2(F) —> φ kv* entrywise. The map г 
p<oo 
has a strong relationship with Л. 
We now define maps il>v:ß(Ff) —» φ λ,*. As in section 1.1, where we defined 
q<oo 
the Teichmüller character, we denote /p = \k9*\. Let a € ^(^р), then define 
if q < oo and q = p, 
otherwise. 
Then the map Vp is determined by following definition: 
V'P(o) = ( x q ) q < 0 0 . 
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The maps t/>p induce a map φ = (Фр).а
С
 which makes the diagram 
Ki(F) - ^ e ν 
p<oo 
(1.2.ІІ) Д / ^ 
tec 
commutative. This is an immediate consequence of (l.l.xx). With the aid of φ we 
are able to prove the following proposition: 
1.2.1 Proposit ion. The map т: К^ (F) —• φ ifcp* is surjective. 
p<oo 
PROOF : Let χ G φ k9*. Note that the map φ is surjective: there is an element 
P<oo 
ζ G φ μ (Fp) with φ (£) = χ. Define τ; := с (ξ). If we are able to find an element 
ξ' € к е г ^ ) with с (ξ') = τ;, then we have 
c(i-(n- , ) = i and ν(ί·(ί')-1) = χ· 
By Moore's reciprocity uniqueness theorem we then have an α e К? (F) with 
λ (α) = ζ · ( ί ' ) - 1 . By lemma (1.2.ІІ) we conclude 
τ(
α
) = φΧ(α) = φ{ξ.(ξ')-ι)=χ, 
and the proposition is proved. This leaves us with the duty to prove that for any 
η G μ (F) there is an element ξ' G ker(V>) with c(£') = η. It is clear that it is 
sufficient to show that there exist such elements ξ' G к е г ^ ) for all η G (μ (F)) 
and all prime numbers p. 
So we assume that η G (μ (F)) . Let ρ be a prime of F dividing p. Then the 
restriction Cp·. Ι μ (F) 1 —» (μ (F)) is surjective. Therefore there exists an element 
Xp G (μ ( F ) . J such that Cp(xp) = η. The order of Xp is a p-power, but \kp*\ = 1 
(mod p), hence xp G ker(^ip). Now define x, := 1 for all primes q £ С and q φ ρ, 
then 
Í ' := (*,),*€ 
yields the desired element ξ'. [] 
The proof is due to Milnor [18]. We are ready to define the tame kernel. 
1.2.2 Definition. The kernel of the map τ is called the t a m e kernel, and is 
denoted by K2 (Of). · 
In this way we obtain the following exact sequence: 
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(1.2.ІІІ) 0 — * K2(OF) — K2(F) — φ V — ^ 0 
v
 ' P<oo 
In this thesis, the group Ä j (OF) is the kernel of τ by definition. In algebraic K-
theory, the group K2 (OF) is defined in a different way, and it then is a theorem, 
that K2 (OF) is equal to the kernel of the map r . Garland proved, that the tame 
kernel of an algebraic number field is finite [10]. 
The exact sequence (1.2.ІІІ) has S-adic variants. Let 5 be a finite set of primes 
of F. We assume that all infinite primes of F are contained in 5 . We now define 
a map TS:K2(F) —* φ jfcp* entrywise by TS : = (ip) -- · We denote the kernel of 
pes 
Ts by K2 (OF,S)· (Again, as with K2 (OF) it actually is a theorem in algebraic 
•ff-theory, that the kernel of Г5 is equal to the group K2 (OF,S)· We postulate this 
equality as a definition). From the commutative diagram 
K2 (F) — e ν 
ves \ A 
Φ *P 
P<oo 
(where π is the canonical projection) we conclude: the map 7-5 is surjective, and τ 
induces an exact sequence 
0 K2 (OF) K, (OF,S) — Θ V • 0, 
pe So 
where So is the subset of finite primes of S. From the exact sequence we directly 
derive the following lemma: 
1.2.3 L e m m a . Let ρ be a prime number, and let S be a set of primes such that 
all primes p G So are p-adic. Then for all prime powers pn we have a canonical 
isomorphism 
K2(OF,s)/pn =г К2(О
г
)Ірп. 
P R O O F : For all p-adic primes ρ we have p/ Ifcp'l, hence ¿р'/р" = p»fcp* = 0 . Q 
We now will define a subgroup K* (F) of / ^ ( F ) . It turns out, that it often is 
more convenient to work with this subgroup, rather than with the group / ^ ( F ) 
itself. See also Keune [16]. The subgroup K2 (F) is defined as follows: 
1.2.4 Definit ion. The group K% (F) ts the kernel of the map \+:K2(F) — 
φ μ2
ι
 which ts defined entrywise by X+ := (Ap)
 e K , and where "p 6 R" means 
pe" 
taking the direct sum over all real infinite primes of F. · 
The map Л + will sometimes be refered to as the s ign m a p on K2 (F). The index 
of K2 (F) in K2 (F) is a 2-power, therefore 
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(K2(F))p = (K+(F))p 
for all odd prime numbers p. Therefore working with K* (F) is only required when 
investigating the 2-primary component of the tame kernel. 
With the aid of the following lemma we relate the 2-primary components of 
K2 (F) and K2 (F). This lemma will be used later on in section 3.2. 
1.2.5 Lemma. The exact sequence 
(1.2.І ) « — * K+ (F) —+Κ2^)-^~®μ2—~0 y
 ' p e l 
is sp/i< exact. 
PROOF : Let σ be a real embedding of F. Then there exists an element a £ F 
with σ (α) < 0 , and σ' (a) > 0 for all embeddings σ' of F, σ' φ σ. Then 
{ - I ifff' 
+1 if<T' 
Φ*· 
The fact that {—Ι,α} has order 2 in K-i(F) immediately implies, that the se­
quence (1.2.iv) is split exact. • 
We also have /ij'-groups for rings of integers of F, and for rings of S-integers. We 
define 
A'2
+
 (OF,S) := K2 (OF,S) Π К} (F). 
In other words: the group A'j" ( C F . S ) is the kernel of the map τ£, which fits in the 
commutative diagram 
K2(F) — e ν 
t\ /• 
(® )Ф(Ф«) 
The map т^ is defined by 
r + ( o ) := (r5(a),A+(a)) G ( φ * / ) © ( © w ) ' 
The kernel-cokernel sequence of this diagram yields an exact sequence 
A + 
0 * A'2
+
 ( 0 F i s ) • Л'2 ( O F , S ) Φ M2 • co¿er (r+) * 0 
pee 
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In fact coker (ту ) = 0, which can be proved in a similar way as proposition (1.2.1). 
Therefore the quotient Ki ( 0 F , S ) /Kf (OF.S) is an elementary 2-group with rank 
equal to the number of real infinite primes of F. This means that for odd primes ρ 
the p-primary components of Kz (OF,S) and Kf (Opts) are equal. As in the case of 
the ordinary tame kernel, working with K}-groups is only required when studying 
the 2-primary component of the tame kernel. Also notice, that if we define 5 as the 
set of infinite primes, we retrieve the already known results on ordinary A'j'-groups. 
1.3 The 2-rank of the tame kernel of quadratic number 
fields 
This section is dedicated to the computation of the 2-rank of tame kernels of 
quadratic number fields. A relation between tame kernels and ideal class groups 
is used to derive a 2-rank formula for the tame kernel. An application of such a 
formula is the detection of all imaginary quadratic number fields which have a 
tame kernel with odd order. 
The relation between tame kernels and ideal class groups of rings of integers be­
comes apparent if we observe the following exact sequence, which originates from 
the work of Tate [24]. Let ρ be a prime number, and let F be a field containing 
the pn-tb. roots of unity for some integer η 6 Ν*. Let 5 be the set of primes that 
contains the p-adic primes of F and the real infinite primes of F. Then we can 
construct an exact sequence 
(1.3.І) 1 Ct(OF,s)/pn — A'2 (0F)/p» * φ μρ. — , ν 0 
The map с is induced by multiplication. The map A is induced by pn-th Hilbert 
symbols. We define j as follows: let [a] be a congruence class in Ct-{OFìs)/pnì then 
i(M) :=Î^etf2(Of)/pn, 
with χ 6 Кг (F) such that τ
ρ
 (χ) = ζρ. (mod ρ) for all finite primes ρ not 
contained in 5. 
If we take pn = 2, then the exact sequence applies to all number fields, since 
— 1 G F*, and we obtain the well known 2-rank formula for Кг-
(1.3.ІІ) rk2 (K2 (OF)) = rk2 (a (OF[1])) + η (F) + ¡/2(F) - 1. 
In this equation Γι (F) is the number of real infinite primes of F, and g2{F) is the 
number of dyadic primes of F. 
We can derive a 2-rank formula for tf^-groups by putting p" = 2 in the exact 
sequence 
(І.З.ііі) 
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1 — - α + {0F<s)lpn — - KÎ {0F)lpn — • φ μρ • μρ * ο 
p€So 
where 5ο is the set of p-adic primes of F. This sequence is derived in a similar way 
as sequence (1.3.i). Details can be found in Keune [16]. From sequence (1.3.iii) we 
obtain the 2-rank formula 
(1.3.iv) rk2 {KÎ {OF)) = rk2 (£2+ {0F[\])) + g2{F) - 1. 
This result will be used in chapter 3, where computations, similar to the ones in this 
section, will be performed. Now let F be a quadratic number field: F = Q(\/S), 
where d is a squarefree integer not equal to 1. The computation of the numbers 
ri (F) and g2(F) is easy. The result is: 
0 i f d < 0 , 
rx{F) 
- : 2 ¡ f t i>0 , 
and 
92(F) = 
•c 
iîd=l (mod8), 
if аш 2,3,5,6,7 (mod 8). 
The main problem lies in the computation of the 2-rank of the ideal class group 
CÎ+ ( θ ρ [ ί ] ) . There is a theorem however concerning the 2-rank of the narrow ideal 
class group Ci+ (Op) of quadratic number fields: 
1.3.1 Theorem (GauO). The 2-rank of the narrow ideal class group Ci+ (OF) is 
equal to the number of prime divisors of the dtscnmtnant of F minus 1. • 
For a proof, see for instance Zagier [26]. For the discrimant disc(F) we have: 
( d i f d = l ( m o d 4 ) , 
Ad if d = 2,3 (mod 4). 
We introduce the notation ti for the number of prime divisors of d. From Gauß' 
theorem we readily conclude: 
Ud-\ if d= 1,2 (mod 4), 
* , ( { * + ( O F ) ) 
if d = 3 (mod 4). 
Sometimes it is more convenient to work with the number of odd prime divisors 
of d. This number will be denoted by t¿, and then Gauß' theorem boils down to 
ƒ t'd -1 
bd 
if d= 1 (mod 4), 
tk2(a+(0F))= " 
if d = 2,3 (mod 4). 
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We also introduce notations for the 2-ranks of all ideal class groups that are in­
volved. We define 
c(F) := rk
a
(Cf(0 F ) ) , 
c+{F) := *2(Ct+{0F)), 
C 2 ( F ) := A3(a(0F[i])). 
The difference between c + (F) and сг (F) is determined in two steps. We define 
6+(F) := TÍ2(Ce+(0F))-Tk2(Ce(0F)) = c+(F)-c(F), 
ia(F) := *3(a(0F))-A2(a(OF[$\))=c(F)-c3(F). 
The result is 
rk2 (K2 (OF)) = rk2 (Cf+ (OF)) + n iF) + s2(F) - 62 (F) - ¿+ (F) - 1, 
which also can be expressed as 
(1.3.V) rk2 (K2 (OF)) = td + Xd-62 (F) - δ+ (F) 
where the number \¿ is defined as 
Ad := (c+ (F) - U) + η(Ρ) + riF) - 1. 
Therefore X^ is completely determined by the sign of d, and by the value of d 
modulo 8: 
' - 1 if d<0 and d= 2,5,6 (mod 8), 
_ 0 if d < 0 and d= 1,3,7 (mod 8), 
'
,
~ | 1 i f d > 0 a n d < i = 2,5,6(mod8), 
.2 if d> 0 and ¿ Ξ 1,3, 7 (mod 8). 
We now put our attention to the numbers 62(F) and <5+ (F). First we compute 
62 (F). Examine the exact sequence 
(І.З. і) 0 • С , (F) • C£(Of) » а (О
г
[\)) • 0, 
where C 2 (F) is the subgroup of Ct(0F) generated by all classes [0], where Э is a 
dyadic prime of F. Since F is quadratic, the group C 2 (F) is cyclic. By dividing 
out squares from sequence (1.3.vi) we obtain an exact sequence 
C 2 (F)/2 — Cl(0F)l2 ~Ct{0F[\])l2 » 0 
where 3 is induced by inclusion. We conclude that 62 (F) = 0 or 1, and ¿2 (F) = 0 
if and only if j = 0. The map j is trivial if and only if [0] is a square in (X(ÖF). 
So we can state 
Í 0 if [δ] = [α]2 for some fractional ideal α of F, 
1 if [9] is not a square. 
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Whether a certain class [0] is a square in the ideal class group can be determined 
by investigating whether 2 or —2 is a norm from F. This problem is handled 
by proposition (1.3.4). Before proving this proposition, we need to introduce the 
following notation: define 
Mt := { d Ε Ζ \ {0, Ij.squarefree Jb is a norm from Q(\/3) > 
for every squarefree integer ib. All 2-Hilbert symbols will be denoted by f-1-)· 
By Basse's norm theorem, we know that Jb is a norm from Q(V<f) if and only if 
{ ^ j = 1 for all primes ρ of Q, including the infinite prime. From the reciprocity 
law for the Hilbert symbol follows that d G Мь if and only if I ^ J = 1 for all non-
dyadic primes of Q. Now from (1.1.xix) follows, that if ρ is an odd finite prime, 
then ( Іі2 J = 1 whenever pjfk and p¡d. We conclude 
d Ç Mt •<=>· I —— 1 = 1 for all odd prime divisors ρ | Jb or 
p\d, and for ρ = oo. 
If ρ is an odd prime divisor of d, not dividing Jb, then by (l.l.xviii) the Hilbert 
symbol reduces to a Legendre symbol: ( ^ ) = ( - ) · The same is true if ρ is an 
odd prime divisor of Jb, not dividing d: í ^ ) = í - J . I f p i s a common divisor of Jb 
and d, then ( ^ )
 = ( i ) w¡th / = - i f Finally, if ρ = oo, then ( ^ ) = 1 if and 
only if к > 0 or d > 0. In this way we establish the following description of the 
sets Mt' 
(І.З. іі) Mt = { d e 2 \ {0,1},squarefree 1 [Jb < 0 = » d > 0] and 
1-1 = 1 for all odd prime div. ρ of d not dividing k\ and 
1-1 = 1 for all odd prime div. ρ of ib not dividing d\ and 
I ) = 1 for all odd common pr. div. ρ of d and Jb V. 
In this section we are primarily interested in the sets Μ_ι, M2 and M_2. They 
can be described as follows: 
1.3.2 Lemma. 
M_i = {de Z\{0,1}, squarefree \ d > 0 and 
ρ = 1 (mod 4) for all odd prime div. ρ of d}, 
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Mj = { d e Z \ { 0 , 1 } , squarefree \ ρ = 1,7 (mod 8) 
for all odd prime div. ρ of d}, 
M_2 = {de Z\{0,1},squarefree | d> 0 ana 
ρ = 1,3 (mod 8) for all odd prime div. ρ of d}. 
PROOF : Apply (І.З. іі). • 
The membership of a number d of one of the sets Μ_ι, Л/2 and M_2 imposes 
restrictions to the sign of d and to the value of d modulo 8: 
1.3.3 Lemma. 
<feM_i => d>0 and d = 1,2,5 (mod 8), 
deM? = • d= 1,2,6,7 (mod 8), 
d € M _ 2 = * d>0 and d = 1,2,3,6 (mod 8). 
D 
The differences of the 2-ranks of the ideal class groups ¿+ (F) and ¿2 (F) can be 
expressed in terms of properties of the sets M_i, M2 and Л/_2. For this purpose 
we prove the following proposition: 
1.3.4 Proposit ion. Let a be a fractional ideal of F = Q(\/5) · TAen the following 
two equivalences hold: 
(i) [a)ea{pFY ^ 3PeF.[NF,Q(ß) = ±N(a)], 
(it) [a)+eCe+(0F)2 «=• 3ßeF+[NF,Q(ß) = N(a)]. 
PROOF : Suppose [a] E Ce{0F)2 (resp. [o]+ e Ce+(0F)2). Then there exists an 
element α 6 F* (resp. α G F+), and a fractional ideal b with 
o = ( a ) b 2 . 
Define β := aJV(b). Then \NF/Q(0)\ = \NF/Q{QN(b))\ = \NF/Q(a)\ N (b2) = 
N ((a)b2) = N (a). Notice, that if β G F+, then yVF/Q (β) > 0, hence ΛΤΓ/<Ϊ (β) = 
N (a). 
Now suppose that we have β e F* (resp. β G F+) with JVF/Q (/3) = ±Af (α) 
(resp. Ν
Γ
/9(β) = N {a)). Define the fractional ideal b := α(β)-Κ Then [b] = [a] 
(resp. [b]+ = [o]+) and 
(
 ' \NF/9(ß)\ 
We can express b as c/f, where с is the product of primes p, lying over prime 
numbers ρ that split in F. Hence cc is a principal fractional ideal generated by a 
rational c. From this follows directly [cc] = 1 and [cc]+ = 1. But then 
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[ b ] = [ ^ ] = [ c ] 2 e « ( O f ) 2 
respectively 
[Ь]
*
=
Ш =ttlece+(0rf 
D 
We apply proposition (1.3.4) to obtain the following result: 
1.3.5 Corollary. 
Ä2 (F) = 0 <=>· d = 5 (mod 8) or d G Л/г U M_2, 
6+(F) = 0 <=>· </<0 pr deAf_i . 
PROOF :Let 5 be a dyadic prime of F, and let ƒ = / j be the residue class degree 
of the prime number 2 in F. Then ƒ = 2 if and only if d = 5 (mod 8), hence 
¿2 (F) = 0 ·<=>· [9] is a square in СІ(Ор) 
<=> IßtF· [NF/Q (ß) = ±2 ' ] 
·<=> d = 5 (mod 8) or 6 Л/г U Λί_2. 
This proves the first equivalence of the corollary. For the second equivalence we 
use the exact sequence 
о — - C+ (F) — - a+ (oF) —>- ce(oF) — » о 
where C+ (F) is a cyclic subgroup of &+ (0F) of order 1 or 2. If | C + (F) | = 2, 
then C+ (F) is generated by a narrow class [(a)]+ with Np/Q (a) < 0. Let ε be the 
fundamental unit of F (in case F is real quadratic), then 
f 2 if d > 0 and NF/Q (ε) > 0, |C+(F)H 
I. 1 in all other cases. 
We obtain an exact sequence by dividing out squares: 
c
+
 (F)/2 — a+ (o,.)/2 — - ce(oF)/2 — • о 
From this sequence we readily see, that δ+ (F) = 0 от 1, and δ+ (F) = 0 if and 
only if j is the trivial map. This is the case whenever [(a)]+ is a square class in 
Ci* (Op). If d < 0, then obviously 6+ (F) = 0. Suppose d > 0, then we obtain the 
following equivalences from proposition (1.3.4): 
6+ (F) = 0 «=>• [(a)]+ is a square narrow class 
* = * 3ßeF+[NF/Q{ß) = N((a))] 
<=> 3ßzF+ [NF/Q iß) = -NF/Q (a)] 
^ Sw [AV/Q (/?') = -!] 
D 
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Now we are able to express the 2-rank of the tame kernel of quadratic number fields 
Q(>/d) in terms of the sign of d, the value of d modulo 8, the number of prime 
divisors of d, and the value of the odd prime divisors of d modulo 8. One way to 
state a 2-rank formula uses the number vp defined by 
2 , " ' : = | { α € { ± 1 , ± 2 } | a e Нрщ (F*) }|. 
1.3.6 Theorem. Lei d Ε Ζ \ {0,1} be a sqvarefree integer. Then 
f fd + i>F-l ifd<0, 
fd + VF ifd>0. 
PROOF : We use the 2-rank formula (1.3.v). First we assume that d = 5 (mod 8). 
Then id = й. If d < 0 then 62(F) = 6+ (F) = 0, according to corollary (1.3.5). 
Moreover Aj = —1, hence г к г ^ г (CV)) = t j — 1. From lemma (1.3.3) we see: 
d g M_i, d£ M2 and d g M_2, hence vF = 0, and гкг (Л^ (Op)) = td + vF - 1. 
If d > 0, then ¿2 (F) = 0 and Ad = 1, hence гкг (K7 (0F)) = td + 1 - 6+ (F). 
Use lemma (1.3.3) again: from d φ 5,7 (mod 8) follows d £ M_2. In the same way 
we see that d g Мг. We conclude that 
6+{F) = 0 <i=> d e M _ i «=>· vF=l, 
hence 1 — 6+ (F) = ff. This proves the theorem in case d = 5 (mod 8). 
Now let d έ^ 5 (mod 8). If d < 0, then again with corollary (1.3.5) we see that 
6+ (F) = 0, hence гкг (#2 {OF)) = td + \d-62 (F) = td + (ld-id) + \d-62 (F). It is 
an easy calculation to show that td — td + \d = 0, hence гкг (Л'г ( O F ) ) = td — 62 (F). 
We use lemma (1.3.3) again to see that d £ M_i and d 0 М.г, from which follows 
Í2(F) = 0 <=• d e M 2 <=* i/F=l. 
This implies ¿2 (F) = 1 - i/F, and thus гкг (^2 (OF)) = fd + i/F -I. 
If d > 0, it is easy to show that td - й + λά = 2, hence гкг (/Сг (Of )) = 
= td + 2 — ¿2 (^) — δ + (F). Notice that if d is contained in two sets of M_i, M2 
and M_2, then d is contained in the third one. This leaves us with investigating 
five cases according to the following table: 
d e М - і П М г П М . г 
d € M _ i \ M 2 U M _ 2 
d e М 2 \ м _ і и м _ 2 
d e М_2\М_, иМг 
d g М_і UM2UM_2 
¿2(F) ¿+(F) ι/ί-
Ο 0 2 
1 0 1 
0 1 1 
0 1 1 
1 1 0 
From this we immediately read that ¿2 (F)+6+ (F)+i/F = 2, hence гкг ( А'г (O^)) = 
= υ + vF. Π 
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With this theorem we are able to determine all imaginary quadratic number fields 
with odd tame kernel. It is also possible to give a nice description of all imaginary 
quadratic number fields that have a tame kernel with 2-rank equal to 1. The results 
are classical, and already have been established by Browkin and Schinzel [8]. The 
proofs are left to the reader. 
1.3.7 T h e o r e m . Let F = Q(v/d) be an imaginary quadratic number field, then 
|Ä2 (С/·)! is odd if and only if 
d= < 
- 1 
- 2 
-P 
L-2p 
where ρ is a prime number with ρ Ξ 3,5 (mod 8), 
where ρ is a prime number with ρ Ξ 3,5 (mod 8). 
D 
d= < 
1.3.8 T h e o r e m . Let F = Q(\/d) be an imaginary quadratic number field, then 
гікг (K2 (OF)) = 1 if and only if 
—p where ρ is a prime number with ρ = 1,7 (mod 8), 
—2p where ρ is a prime number with ρ = 1, 7 (mod 8), 
—pq where ρ φ q are pnme numbers with 
ρ = 3,5 (mod 8) or q = 3,5 (mod 8), 
—2p<7 where ρ φ q are pnme numbers with 
ρ =3,5 (mod 8) or q = 3,5 (mod 8). 
D 
According to formula (1.3.ii) the 2-rank of the tame kernel for real quadratic num­
ber fields F is at least ri (F) = 2. We obtain the following minimal 2-rank formula 
for real quadratic number fields, also established by Browkin and Schinzel [8]: 
1.3.9 T h e o r e m . Let F = Q(y/a) be a real quadratic number field, then 
гіъ (Кг (OF)) > 2, with equality if and only if 
' ρ where ρ is a pnme number with ρ = 3,5,7 (mod 8), 
2p where ρ is a pnme number with ρ = 3,5,7 (mod 8), 
pq where ρ and q are pnme numbers with 
ρ £ 1 (mod 8), q ^ 1 (mod 8) and ρ ^ q (mod 8), 
2pq where ρ and q are pnme numbers with 
ρ ^ 1 (mod 8), q £ 1 (mod 8) and ρ £ q (mod 8). 
d = < 
D 
In the same way as performed in this section, we could obtain a 2-rank formula for 
K£ (Of ) We will not derive such a formula, since we are more interested in the 
difference between гкг (К? (OF)) and гкз (К} (OF)) rather than in гкг (!<} (OF)) 
itself The third chapter will handle this subject in detail. 
CHAPTER 2 
THE MAIN THEOREM 
2 The Main Theorem 
2.1 Keune's exact sequence 
in this section we state the Main Theorem. This theorem is a consequence 
of a theorem of F.Keune. The Main Theorem enables us to relate the group 
K* {9nljz\)ll· t o ideai class groups ofQ(\/—d). The proof of the Main Theorem 
will occupy the subsequent sections of this chapter. 
We start with a result of Keune [16]. This result expresses the pn-rank of the tame 
kernel of a number field F in terms of the ideal class group of the extension Ρ(ζ
ρ
*) 
of F. The following notations will be used throughout the rest of the chapter. Let 
Γ be a finite abelian group. If Σ is a Г-module, then the quotient of Σ modulo the 
action of Γ is denoted by Σ Γ := Σ/( (ι _ γ) (α) | 7 G Γ,α G Σ )· The fixed subgroup 
of Σ with respect to the action of Γ is denoted by Σ Γ := { α G Σ |
 7 е г [Ύ (α) = α] }· 
If G is an abelian group, then the codiagonal map c: φ G —• G is induced by 
J 
multiplication The kernel of с is denoted by Ι φ Gl For a number field F and 
a prime power p" we define Apn(F) := ( φ μρ» ) , where 5 is the set of dyadic 
S e s / o 
primes of F. The groups Ap<.(F) appear in the following theorem, from which we 
will derive the Main Theorem. 
2.1.1 Theorem (F. Keune). Let E:F bea Galois extension of number fields with. 
solvable Galois group Γ = Gaì(E: F), and let pn φ 2 be a prime power. Assume 
ζρη G E. Lei S be the set of p-adic primes of E. Then there are morphisms JE 
and XE such that the following sequence is exact: 
(2 LÌ) (μ
ρ
..<8>α+ (ο
Ε
μ
ρ
}))
Γ
 — к} (oFypn ^ (АРП(Е))Г — * 0. 
Moreover, if ρ φ 2 then JE I« tnjecttve. • 
Before we explain the maps JE and XE we must understand that the keyrole in this 
theorem is played by an isomorphism 
tr: (К* (ΟΕ)/Ρ«)
Γ
 — A'2
+
 (OrVp«, 
induced by the transfer map UE/F'-KIÌE) —* K^iF). For the transfer map see 
Milnor [18]. First we define maps JE and XE similar to the maps j and A that 
occurred in sequence (1.3.І). The morphism XE is induced by Hilbert symbols. For 
an arbitrary element Cp» ® [a] G /ip»®C£+ Í0£;[-]J we define 
JE [μ,- ® Н ) := a*" G (л'2 + (Oß)/pn) , 
20 
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where χ G Κι (Ε) is determined as in the definition of the map j of sequence (І.З.і): 
Гр ( ι ) = Cpî(e) (mod ρ) for all finite primes ρ g S. 
Then JE and \E are defined by composing JE and λ^ with suitable isomorphisms 
as follows: 
j E := tr o j E 
and 
AE —X'EO^T)-1. 
We will neither prove the theorem, nor explain why the map JE is well defined. 
We confine ourselves to presenting an outline of the proof. For more details see 
Keune [16]. Starting point is the following exact sequence of F-modules: 
(2.1.ІІ) 
о — μ
Ρ
'®α+ (OEV-Í) — Kt (ОЕ)/РП — ( e / v )
o
 — о. 
This sequence we already encountered in section 1.3 as sequence (1.3.iii). In this 
sequence E is a number field containing p"-th roots of unity. 
Now we divide out the action of Г = Ga.\(E: F) from sequence (2.1.ІІ). We ob­
tain sequence (2.1.І), after showing that (К* (ОЕ)/РП) — К} (Ог)/рп- As men­
tioned before, this isomorphism is induced by the transfer map tTE/F'-K} (E) —• 
K} {F)- The fact that the transfer yields an isomorphism follows from "Hilbert 90 
for Κ?", which states that the following sequence is exact for all cyclic extensions 
L: К with Gal(L: K) = Σ = (σ): 
Ι-σ trt/K 
К, (L) K2 (L) ~ K2 (K). 
If К and L are algebraic number fields, then by a theorem of Bak and Rehmann [2] 
the cokernel of the transfer map tri/к is isomorphic with φ μ?, where 5
r
 is the 
P€5r 
set of real infinite primes of К that ramify in L. 
Above considerations can also be made for Κ}, and then, by the same result 
of Bak and Rehmann, the transfer even boils down to a surjection. So for the case 
that L: К is a cyclic extension of algebraic number fields we have an isomorphism 
( t f 2 + (¿ ) ) E — К} (К). 
This ismorphism then also applies to Galois extensions of algebraic number fields 
with a solvable Galois group. 
Now let Sp be the set of p-adic primes of F, and let 5 E be the set of p-adic 
primes of E. Consider the following diagram 
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0 • K} (OB.S.) • K+ (E) 
Θ h' 
WSE 
tr' tr 
в/г N 
-~K}(0FisF)—+KÏ{F) 
- Θ V —-о 
P(S
r 
where tr' is the restriction of the transfer map to K} (OE,SB), and where N is 
induced by norms. Dividing out the action of Г then yields a diagram 
K
vesE 
VfSF 
In this diagram the map ( A'j" ( O E , S E ) ) —> ÍAj" (£^)) turns out to be injective, 
while the norm map ./V induces an isomorphism 
( e ν), 
^V(sE PtSr 
Proofs of both assertions can be found in [16]. As a result we have the important 
property that the transfer map induces an isomorphism 
(K}(OE¡SB)) ~KÏ(OF<SF). 
The injectivity of the map JE in sequence (2.1.І) for odd primes ρ follows from the 
fact that Í 0 μ
ρ
. J turns out to be a cohomological trivial Г-module for odd p, 
P|P 
which means that the cohomological norm induces an isomorphism 
, • ( ( ffi л». ) (( ^ ) о ) г — ((Φ/'Οο) 
РІР 
This finishes the outline of the proof of theorem (2.1.1). 
If ρ = 2, then sequence (2.1.І) in general will not be short exact, and we are 
left with a possibly non-trivial kernel of JE- However, in the case that we are 
considering, that is F is a quadratic number field and p" = 4, we are able to 
determine this kernel in an elegant way, making use of class field theory. 
2.1.2 Main Theorem. Let d be a squarefree integer, not equal io 1 or -1. Define 
E := Q(\/5, i) • Then application of theorem (2.1.1) yields a short exact sequence 
K E U N E ' S E X A C T S E Q U E N C E 23 
о — h — л:2
+
 ( 0 Q ( ^ ) ) / 4 — ( ^ ( £ ) ) r — О, 
wAere Г = Gal (E: Чел/а)) and 
The group (A^E)) is cyclic of order 2bt, where the number bd has following 
value: 
li tf d= 1 (mod8), od = { 0 «ƒ<*= 2,3,5,6 (mod 8), i/d = 7(mod8). 
If d φ 1 (mod 8^ ihe group U is isomorphic to C£+ Ι О /^-^. [i] j/4, and tf 
d=l (mod 8) then Ij is isomorphic to the kernel of the suryectton 
φ:α+
 ( 0Q(v=a)I ï l ) / 4"*G , , I (E : Q ( v C a ) ) 
induced by the Artin map. In addition, tf d = 1 (mod 8) and d < 0, then Ij is 
isomorphic to Ci (OQÇSZQ Щ/4-
Before we proceed with the proof of theorem (2.1.2) we exclude the cases d = 2 
and d = —2. These cases pose no problems. If d = ±2, all groups involved turn 
out to be trivial, hence in that case the Main Theorem is trivially true. So from 
now on we assume that d ф ±1,±2, although this assumption will not be needed 
until section 2.5. 
We apply theorem (2.1.1) by substituting p" = 4, F = Q(\/3) and E = F (i). 
As a result we obtain the exact sequence of the Main Theorem. 
The computation of the number b¿ is the easy part, since it is not difficult to 
calculate the action of the Galois group Γ on A^E). We return to the computation 
of the number bj later in this section. 
The main problem that arises is the proof of the assertion about Id. We start 
with fixing some notations. They will be used throughout the rest of the thesis. 
Let d 6 Ζ \ {0, ±1} be squarefree. We define 
(i) F i : = Q ( V 3 ) , 
(ii) F2 := Q i v ^ d ) (notice Fl ф ^ since d ф ±1), 
(iii) E := Fi(i) = ВД, 
(iv) Г ; : = Ы : = С а 1 ( £ : ^ ) ¿ = 1 , 2 . 
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This fixes the following situation: 
E 
Q(V=a) = F2 Q(¿) Fi = Q(V5) 
Q 
The extension f^:Q is abelian with Galois group {71,72). Notice that £:Q(») is 
a quadratic extension with Gal (E:Q(t)) = (7172). For every number field К we 
define the groups С (К) := φ μ^, where S is the set of dyadic primes of K. 
pes 
Moreover we define A(K) := (c(K)) , so A(K) = AA(K). The groups A(E) 
and C(E) will appear to play an important role in the sequel. If L:K is an 
extension with » G L, and with Galois group Γ = Ga.\(L:K), the groups С(L) 
and A(L) are Г modules in the following way: let (ap)p
€is G C(L), and 7 G Г, 
then 7 ( ( a p ) p
e
s ) : = (7 ('b-'CP^nes· ^ 6 s a r n e definition applies to A(L). In 
the situation that we consider, this means that A(E) and С (E) are Γι- and IV 
modules. We will now study the details of these Fj-actions. The nature of the 
modules A(E) and C(E) and the action of Fj on these modules depend on the 
decomposition behaviour of the prime number 2 in E. There are three possible 
situations: 
(i) d = 1 (mod 8): the prime number 2 splits in Fi, and then E as well as 
Fi have two dyadic primes, while F2 has one dyadic prime; each dyadic 
prime of Fi ramifies in E; the Galois group Γι acts trivially on the set 
of dyadic primes of E, while Γ2 exchanges them, 
(ii) d = 7 (mod 8): then E has also two dyadic primes, but now 2 splits in 
F2, and the situation is reversed; the Galois group Γ2 acts trivially on 
the set of dyadic primes of E, and Γι exchanges them, 
(iii) d = 2,3,5,6 (mod 8): in this case 2 does not split in E, and therefore 
E has only one dyadic prime; the group Γι as well as Γ2 fix the dyadic 
prime of E. 
If E has two dyadic primes, then we will denote these primes by ©1 and ©2, a nd 
if E has only one dyadic prime, then we denote this prime by Ю. Dyadic primes 
of the fields Fi and F2 are denoted with lowercase gothic characters. We can give 
diagrams for the three situations described above. If we write something like this: 
K E U N E ' S EXACT SEQUENCE 25 
L: 
φ 
Κ: ρ 
then we mean that the prime φ £ К divides ф € L, and that ф is ramified over p 
with ramification index e. Ramification indices which are equal to 1 will sometimes 
be omitted. Splitting of primes can be denoted as 
Φΐ · · · Фг 
« l \ / « г 
Ρ 
Corresponding to the above situation we have the following diagrams; for case (i) 
we have: 
E: 7i Γ î>i 72 î>2 J 7i 
2 
Fi: 
Q : 
Эі 02 
λ /. 
(2) 
¿ΞΙ (mod 8) 
In case (ii) we have the reversed situations: 
72 f S)i 7i ®2 J 72 
Λ : 
(2) 
d=7(mod 8) 
And in case (iii) we have one of the three following situations, depending of the 
value of d modulo 8: 
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E: © D î> 
Λ 
Q : (2) (2) (2) 
«1=3 (mod 8) ¿Ξ5 (mod β) <l=2,6(mod β) 
We readily see that in case (iii), that is if d = 2,3,5,6 (mod 8), then A(E) = 0. 
This proves the assertion about bj in the Main Theorem if d = 2,3,5,6 (mod 8). 
Moreover, in this case the map JE is injective. If d = 1,7 (mod 8), then С (E) is a 
cyclic group of order 4, and the action of Γι on C(E) is as follows: 
( 1 - 7 1 )(*) = 
Γ" 
[ i 0 = 1 
iid= 1 (mod8), 
if £/=7 (mod 8). 
Hence A(E)r¡ = A(E)/2 =; ß2 for d = 1 (mod 8), and Α(Ε)
Γι
 = A(E) in case 
we have d = 7 (mod 8). This proves the assertion on the value of 6^  in the Main 
Theorem for the case d = 1,7 (mod 8). 
Consider an arbitrary element »®a of/i4(g)o(Of;[¿]), with α e C£(OE[%])- No­
tice that a (OE[¿]) = Ci+ (OE[^]), since E is totally imaginary. Then 7! (г ® a) = 
= (—»') ® 7i (a)· The diagram 
ct{oB[L]) — a(oB[i]) 
JV 
Λ / 
commutes. But the ideal class group Ci 
ЫРУ 
is trivial, so 7i72 and —1 have 
the same action on C£(OE[^])- From this follows 71 (a) = 71722 (a) = —72 (a), 
and we obtain 
7i («® a) = ¿072(0) . 
This implies 
(i*®ce(oE[í]))rt~(a(oE[í])M) 
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Class field theory will give us a method to relate (a (OE[%])M) to a (0Fi[i])/4 
respectively to Ci+ (ОгЛ^)/*· ^ ' s e x p l a ' n s w h y the ideal class groups of the 
"reflection" /j appear in the description of / j , rather then Fi itself. How we 
deal with the ideal class groups CÌ (OF3[5]) and СІ+ (Ор3[^]) ™ t h e subject of the 
succeeding sections. We divide the proof of the Main Theorem (2.1.2) in three 
parts: 
(i) < i = l ( m o d 8 ) , 
(ii) d = 7 (mod 8), 
(iii) ¿ = 2 , 3 , 5 , 6 (mod 8). 
Observe that (i) and (ii) are the cases where 2 splits over the extension E: Q, while 
in case (iii) the prime 2 does not split. In section 2.2 we apply class field theory 
to prove the Main Theorem for case (iii). The "splitting cases" (i) and (ii) need 
further investigation. This will be performed in sections 2.3 until 2.4. 
In section 2.3 we will describe an exact sequence that is isomorphic to the 
sequence which is contained in the Main Theorem. In section 2.4 we study in 
detail the action of Γι on the module A(LE), where LE is a certain extension 
of E, resulting from the considerations of section 2.2. Finally, in section 2.5 we 
prove the Main Theorem for the splitting cases (i) and (ii). 
2.2 Application of class field theory 
in this section we will associate the ideai ciass groups that are involved in Keune's 
exact sequence with certain extensions of the number field E as defined in the 
previous section. For this purpose we will use class field theory. 
From general class field theory follows that there exist extensions LE-E and LF^· F? 
respectively L ^ : F2 such that Gal(Z,f;: E) is isomorphic to (μ4@€£(θΕ)) , such 
\ /Γι 
that Gal(LF3:F2) is isomorphic to Ce(öF3[±])/4 and such that Gal ( ¿ ^ : FT) is 
isomorphic to C£+ (OF3[^])/4- However, it is not sufficient to know that such ex-
tensions do exist. In order to be able to work with these extensions we need a 
description in the sense that they must be maximal with regard to some set of 
conditions. Moreover we need to prove that L^iQ is a Galois extension. How to 
achieve all this, we will describe in this section. 
We assume that the reader is familiar with class field theory. Most of the 
terminology and notations originates from the textbook 'Algebraic Number Fields' 
by G. Janusz [13]. We will use it without any further explanation. 
We fix some notations that play an important role in the computation of the 
class fields. Let К be an arbitrary number field. The ideal group I is the free 
abelian group generated by all finite primes of K. The group S is the subgroup 
of I containing all principal fractional ideals of K. Define LQ as the class field 
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corresponding to the congruence subgroup S, then С£{Ок) ~ Gal(Lo:^). The iso­
morphism is induced by the Artin п\а.р<рі,
а
/к- ' —f Gal(Lo: ^Оі which is surjective, 
and has kernel S. The field LQ is called the Hilbert class field of K. It can be 
characterized by saying that it is the maximal unramified abelian extension of K. 
Actually we use two kinds of class fields, an "ordinary" type and a "+"-variant, 
depending of the chosen definition modulus. The "ordinary" class fields are ob­
tained by choosing the trivial modulus, and yield ¿ F J as well as LE. The "-(-"-type 
class fields are obtained by choosing the modulus Шоо > which is defined as the prod­
uct of all real infinite primes of K. Working with this type of class fields give rise 
to Lp . We restrain ourselves to computing "ordinary"-type class fields, since the 
calculations of the "+"-type are similar. 
We start with fixing congruence subgroups Hi and Hj. By substituting E for 
A' we then obtain the desired description of the class field Lf·,. For Hi we take the 
minimal congruence subgroup of I that contains all dyadic primes, in other words 
Hi : = S ( ö |Э is dyadic). 
The corresponding class field is denoted by Li. The group Gal (Li : K) is isomorphic 
to the quotient of С£(Ок) in which all dyadic primes are invertable, in other words 
G a l ( L i : / 0 ^ a ( O K [ l ] ) . 
Observe that for every finite prime ρ of К we have 
р€кег(у>£,/*) 
'Li/К]
 = 1 
ALtì = ι 
p splits completely in Li. 
With -/— we denote the Frobenius automorphism of a prime ρ of К in L. From 
the construction of Hi follows that ¿ i is the maximal unramified abelian extension 
of К such that all dyadic primes split completely in Li. 
The congruence subgroup H2 is defined as the minimal subgroup of I that con­
tains Hi as well as all fourth powers of I, in other words 
H2 := H! I4. 
The corresponding class fields is denoted by ¿2- Then Са1(І2 : К) ~ Gal(Li: K)/4 
and ¿2- К is the maximal subextension of L\: К with exponent 4. Therefore L2: К 
is the maximal unramified abelian extension in which all dyadic primes split com­
pletely and has exponent 4. The following diagram illustrates the situation de­
scribed above. 
Ρ 6 Hi 
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S Io 
η ι 
Η! Li 
η ι 
H2 L2 
fi Ι }~ίΖ(θ*[Ι])/4 
к 
2.2.1 Proposition. There exist Galois extensions LF7- FI and Lp : F2 such that 
Gal{LF3:F2) ~а(ОгД])/4 and Gal(L+ 3 :F 2 ) ~ Cf+ (0F:,[±])/4. V/te extension 
LFI '• F2 I S ^ e maxima/ unramified abelian extension of F2 with exponent 4, such 
thai all dyadtc primes of F2 split completely in LF3. The extension LF+: F2 ts the 
maximal finitely unramified abelian extension of F2 with exponent 4, such that all 
dyadic primes of F2 split completely in Lp, • 
PROOF : Choose К = F2 and define Lf, := L2. 0 
In order to describe LE we must construct yet another congruence subgroup H3. 
But before we do so, we describe the so called conjugate action. This action 
is defined in the following situation: let L: К be an abelian extension with Galois 
group Σ, let K:K' be a Galois extension with Galois group Г, and assume L: K' 
also is Galois. The conjugate action of Г on Σ is denoted multiplicative, and is 
defined as follows: let σ € Σ and let γ € Γ, continuate 7 to 7 G Gal(L: Λ''); then 
σ
7
 := 7 σ 7 - 1 . 
The definition does not depend on the choice of 7, since Σ is abelian. In this way 
Σ becomes a left Г-module. 
The ideal group I also is a Г-module, since 7 (p) is a prime ideal for every 7 G Γ 
and prime p € I. We will call this the obvious action of Γ on I. The relation 
between the Г-modules I and Ga.l(L: A') is described by following identity: 
'L/K' 
U(P)J = 9 
L/K' 
[ Ρ J 
for every prime ρ of К and automorphism g G Gal (L: К'). As a result we have 
(2.2.І) φι/κ (7(a)) = φι/κ (ο)7 for all a e I and 7 e r . 
We return to the situation as described before, that is we consider the extension 
L2.K. Assume K.K' is a quadratic extension with Galois group Г = (7). We 
want to provide Gal (¿г : К) with conjugate F-action, so we must prove that L2: K' 
is a Galois extension. Fore this purpose we derive a little lemma. 
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2.2.2 Lemma. Let H ее α congruence subgroup of i, and ¡et L be the corresponding 
class field. If K.K' is a Galois extension with Galois group Γ, then the following 
conditions are equivalent: 
(ι) L: K' is a Galois extension, 
(it) Η is а Γ-submodule of I with 'obvious ' Γ-action. 
P R O O F : The equivalence is evident for Η = S, since the class field H that corre­
sponds to S is the Hilbert class field of K, which is the maximal unramified abelian 
extension of K. We have the following situation: 
S Я 
π I 
H L 
η ι 
ι к 
' ) ' 
К' 
The Galois group Gal (Я: K) now is a Г-module with conjugate action. We need 
the help of the following short exact sequence: 
4>н/к 
1 - S •H - G a l ( t f : L ) ^ 1 
This gives us an isomorphism 
H/s-^Gal(tf :L), 
which is an isomorphism of abelian groups. We will prove that the following con­
ditions are equivalent: 
(i) Η is a Г-submodule of I with obvious Г-action, 
(") l/H is a Г-module with obvious action, 
(iii) Gal (Я: L) is a Г-module with conjugate action, 
(iv) Gal (Я: L) is a normal subgroup of Gal (Я: К'), 
(ν) L· К' is a Galois extension 
The conditions (i) and (n) clearly are equivalent The same is true for conditions 
(iv) and (v). The equivalence of (u) and (in) follows from (2 2 i). Now observe that 
(in) is equivalent with 
gy e G a l ( t f . L ) for all 7 6 Г and g e Gal (Я. L), 
A P P L I C A T I O N O F C L A S S F I E L D T H E O R Y 31 
which is equivalent with 
уду-
1
 е С а 1 ( Я : І ) for all у e Gal (Я: К') and g G Gal (Я: L). 
This completes the proof of the lemma. [] 
From this lemma we conclude immediately that Lj: K' is a Galois extension. Sup­
pose that К contains the fourth root of unity i. The group Г also acts on (»'), and 
in our situation we have 
7 (0 = - · \ 
so for an arbitrary element t ® a G РлСЬ&^к^]) the automorphism у acts as 
follows: 
(i <8> o ) 7 = (-»') ® a11 = i ® ( a - 7 ) . 
Therefore the action of Г on I/H2 is described by 
У(Р) = Т(Р)~1, 
where 5 is the notation of a congruence class of l/Hj- Observe that this indeed 
describes an action, since y2 = 1. Now we are ready to define H3: 
H3 := H2 ( ( 1 + y) (p) I 7 € Г and p is non-dyadic ). 
The congruence subgroup H3 is the minimal subgroup of I that contains H2 such 
that the action of Г on the quotient I/H3 is trivial. Therefore the corresponding 
class field L3 is the maximal subfield of ¿2 such that Г acts by taking (—l)-th 
powers on Са1(із: К). 
The Artin map induces an isomorphism of (μ^φα (Οχ Ш) ) to Gal (L3: К). 
The extension L3: К' is a Galois extension, which follows from lemma (2.2.2). We 
illustrate the situation with a diagram. 
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S L0 
η ι 
Η, Li 
η ι 
H2 ¿2 
η ι 
Нз La= LK 
Π I \*(і*№{Ок[\]))1 
К 
К' 
}'• (7) 
2.2.3 Proposit ion. There exists α Galois extension LE-E such that Σ := 
:= Gal(LE-E) ~ ( ^ 4 0 о ( С в [ | ] ) ) · Л is the maximal unramified abeltan ex­
tension of E with exponent 4 such that all dyadic primes of E split completely in 
LE, and with the property that the conjugate action offx is equal to taking (— l)-th 
power in Ga.l(LE'· E). The isomorphism ts induced by the Artin map. Moreover 
LE-Fi ts a Galois extension. 
PROOF : Choose К = E and К' = Fi, then define LE := L3. • 
Since E is totally imaginary we have C¿(OE[^]) = C£+ (C>g[¿]), so we do not 
need a "+"-variant of this proposition. As we saw in the previous section, the 
commutative diagram 
<*(ОвЦ]) ~•'ce(oE[i}) 
NE/9(')\ / i 
yields an isomorphism 
{^т{ОЕ\\$))^{сі{РЕ\Щ . 
Together with proposition (2.2.3) this gives the following result. 
2.2.4 Proposit ion. The extension LE-E ts the maximal unramified abeltan ex­
tension with exponent 4, such that all dyadic primes of E split completely in LE, 
and such thai ihe conjugate action of Г2 on Ga.\(LE'. E) is trtvtal. The extension 
LE'- F2 ts a Galois extension. • 
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From this proposition together with proposition (2.2.3) we conclude: 
2.2.5 Corollary. The extension LE-Q is a Galois extension. [] 
With the aid of the characterizations given by the previous propositions we now 
are able to describe the relationship between LE and the number fields LF3 and 
Lp . For this purpose consider the following situation: 
EL*, 
ELF3 L+ 
E LFt 
Γ2 ( Ν 
Observe that the conjugate action of Γ2 on Gal(£¿F 3 :£) and on Gal (ELp : E) 
is trivial, since both extensions ELF7: F2 and ELp. : F? are abelian. We are ready 
to compare the group (μ^φύί(OE[^])) with ideal class groups of F?. The 
\ ' Γ ι 
restriction of Gal(£Lf 3 : E) to Gal(LF3: F2) injects decomposition groups in de­
composition groups, and injects inertia groups in inertia groups. This implies that 
ELF3-E and ELpyE both are unramified abelian extensions with exponent 4, in 
which dyadic primes split completely, and such that the conjugate action of Γ2 
is trivial. Therefore ELp? С E Lp С LE- This situation is illustrated by the 
following diagram: 
LE 
ELt3 
ELF, Lt 
(72) = Г2{ 4 / 
LF, 
In this way we relate ideal class groups of F2 with ideal class groups of E, in upward 
direction. We want to proceed in the opposite direction. We try to continuate 72 to 
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an automorphism of order 2 of a suitable subfield of LE- HOW we do this depends 
on the value of d modulo 8. 
With what we have established so far, we are able to prove the Main Theorem 
for the non-splitting cases, that is d = 2,3,5,6 (mod 8). In that case F2 has exactly 
one dyadic prime Э. Also E has one dyadic prime 2). Use the shorthand Ζ = Z\ E' 
for the decomposition group of Э, and define К : = L E · Because Э does not split 
in E and 2) splits completely in LE, the order οί Ζ is 2. 
Let 72 be the generator of Z. Then ^ g = 72, because η[2\
Ε
 = 1 would imply 
that 72 6 Gal ( L E : E), hence E С К, which contradicts the fact that 0 does not 
split in E. We see that there is a lift 72 of 72 to Ζ that has order 2. 
The dyadic prime Э of F2 splits completely in K. The extension K-.F^ is a 
finitely unramifìed abelian extension with exponent 4, such that the dyadic prime 
of Fi splits completely, hence К С L j . 
The dyadic prime 0 on the other hand splits completely in Lp , hence Lp С К. 
We therefore have the following situation: 
{v<®ce(oEti)))i 
From this diagram follows Gal(L£;: E) ~ Gal ( i f : F2), or in other words: 
(μ4®α(οΕ[ί]))^~α+(οΡ,[ϊ})/4. 
Since the injectivity of JE was established for the case d = 2,3,5,6 (mod 8) in the 
previous section, we have proved the Main Theorem for the non-splitting cases. 
This leaves us with the task to prove the Main Theorem (2.1.2) for the splitting 
cases d = 1,7 (mod 8). The remaining sections of this chapter will deal with this 
problem. 
2.3 The Artin map 
The main result of the previous section is the fact that the ideai dass group 
which is contained in Keune's exact sequence is isomorphic to Gal ( L E : E). But 
isomorphisms can also be provided for the other groups of the exact sequence. 
We recall some notations of the first section: Let L be a number field, and let 5 be 
the set of dyadic primes of L. In section 2.1 we defined С (L) as φ Ζ/4, and the 
pes 
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subgroup A(L) oîC(L) as the kernel of the codiagonal map с: С (L) —• Z/4 (in this 
section we sometimes use Z/4 rather than ƒ14). An element of С (L) or A (L) can be 
denoted as usual as ( α ρ ) . ^ , with atp 6 Z/4. Notice that (a<p)p
€S G A(L) precisely 
if Σ af = 0· The group A (L) is isomorphic to φ Z/4 as abelian groups. For 
P€5 | 5 | - 1 
all p € 5 we define elements Cp E C(L) by defining Cp := (e, ) . £ S , where 
if q = p, 
e ( p ) _ ¡: if q 6 5 and q ^ p. 
The elements Cp form a base for the group C(L): for arbitrary (op)
 e S G C(L) we 
have 
Ы fhes -¿2 aPe 
pes 
Let L:K be a Galois extension with Galois group Γ = Ga.l(L:K), and assume 
that L contains the fourth root of unity i. In order to be able to distiguish between 
dyadic primes of L and К we will sometimes use the notations S^ , and Sa for 
the set of dyadic primes of L and the set of dyadic primes of SK respectively. The 
Galois group Г acts on (»') = μι ~ Z/4, as well as on Si,. This defines a Г-action 
on C(L), and consequently on A(L). Since Γ acts trivially on A', the Г-action on 
A(K) and C(K) is trivial. The Г-action on С(L) is determined by describing the 
action of 7 on base elements e<p: 
7(е<р) = 7 ( І ) е 7 ( ф ) . 
Warning: since y(i) = » or i - 1 , the value of γ ( ϊ ) is Ϊ or — Î. The Г-action on A (L) 
can be described with the same equation. 
We introduce special elements ζφ G С (L) for every φ G Si. For this purpose 
we fix a prime !B G SL and call it the base prime. For field extensions L: К we 
will always assume that the base prime of S^ is lying over the base prime of SK-
We reserve the gothic character b and © for denoting base primes. The special 
elements that we mentioned then are defined as follows: 
ζφ := eqj — е<в for all φ G SL. 
The reason that we define elements z<p is illustrated by following lemma. 
2.3.1 Lemma. The elements zy with φ ^ !8 are a base of A(L). [] 
Consider the next commutative diagram, in which all vertical maps are isomor­
phisms. It turns out to be the key in the proof of the Main Theorem. 
(„4<8>α(<?Ε[ΐ]))Γι ^K+(0Fl)/4~A(E)ri 
(2.3.І) 
μ4<2)Σ — A(LE)Gì —~Α(Ε)Γί 
0 
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Instead of investigating the top exact sequence, we can put our attention to the 
bottom sequence. This will turn out to be very advantageous. 
The top row is the exact sequence obtained from the theorem of F . Keune. In the 
bottom exact row appear two modules of the type A (• · •). The field LE that occurs 
in the bottom exact sequence is obtained by applying proposition (2.2.3). Since the 
field E is totally imaginary, in the diagram the narrow ideal class group C£+ ( О я [ | ] ) 
is replaced by an ordinary ideal class group Ci (0£;[ i ] ) . The group Σ is the Ga­
lois group G a l ( L £ ; : £ ) , which is isomorphic to [μ^^ΟΙ(OE[^]) J via the Artin 
map ψίεΙΕ according to (2.2.3). Furthermore we recall that Gi = GS\(LE'FI)-
The group A {E)
r
 on the right-hand side of the diagram has already been 
computed in the proof of theorem (2.1.2). The map φ is defined by 
φ (»' ® A) = i ® 4>LEIE {A) for all A € Œ (OE[\]) · 
The reason that we use Α Μ Ι ^ Σ rather than Σ is the fact that μ4$§ΙΣ, is a trivial 
Гі-module: 
Ti (»' ® σ) — i~l ® σ~λ = i ® σ. 
As a consequence <p is Гі-linear. The map g2 is defined by 
92 (<r) •= [¿„(да)] for all σ G Σ, 
where ÍB is the base prime of A {LE)· In order to prove that j2 indeed is a homo-
morphism we have to study A (LE) as Σ-module. Let z<p be a generator of A {LE), 
and let σ € Σ . The Σ-action on μ^ is trivial, hence 
σ(ζ<ρ) = σ(εφ-ε<Β) = σ(ϊ)ε
σ
(φ)-σ(1)ε
σ
(9) = 
= e<r(<p) - еда - e<,(<8) + CQJ = 
= ·Ζ<7(<Ρ) - ^ ( f B ) . 
A congruence class in A ( £ E ) E is denoted with square brackets ' [ ] '. We also define 
the relation ' = j ¡ ' by 
χ Ξ
Ε
 y <=>• [ι] = [y]. 
Now let σ,τ £ Σ . Define φ := r ( ! B ) , then 
г<тт(!8) = Ζσ(φ) = σ(ζφ) + ¿„(s) Ξ
Ε 
Ξ
Ε
 Ζφ + г<7(<В) = гг(<8) + ¿„(β), 
in other words 
(2.3.ІІ) [ζ
στ
(ν)] = [Μ*)] + ta»)] · 
So if we define the map <7ι:μ40Σ —• A(LE)^ by 
gi(i<8)ff) := taa)], 
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then gì clearly is a homomorphism. Observe that j2 is the composition of gi and 
the canonical projection π: A (¿f;)j¡ —» A (LE)G , hence gi also is a homomorphism. 
By studying the kernel-cokernel sequence that is induced by gi = пдъ we obtain 
information about the module A {LE)G • This module will be examined in the next 
section. 
We study the Σ-module A(LE) in more detail. Define ΝΙ:Α(ΙΕ)
Σ
 —* A(E) 
by 
JVi ([*„]) := zp for all φ 12, 
where ρ is the dyadic prime of E that divides φ. Notice that Λ^ ι is induced by the 
norm map. 
2.3.2 Lemma. The sequence 
0 /i4<8>E — А{Ьв) ~A(E) •О 
is short exact. 
PROOF : The fact that N\ is surjective is trivial. From гь = 0 follows that 
Ni о gi = 0. Now suppose 
я := ^ α<ρ · z<p e -A (LE) 
such that [x] 6 ker(JVi). Then 
0
 = ΣΣ
α
ν
Ν
ι(Ιζνί) = Σ \Σαν ZP' 
РІ2ф|р p|2 \<p|p j 
hence 
^ α < ρ = 0 for all ρ|2. 
V\P 
For every prime ρ of E we choose a prime <tp of LE lying over p. The set of primes 
lying over ρ then is 
M C P ) | с г € Е } . 
Using (2.3.ІІ) we obtain 
И = ΣΣ
 a
'(Cp) (Me.)] = 
= Σ Σ "'(с,) Ы + Σ Σ "'(Cp) I***)] = 
= ο + Σ Σ "«(e»)*! (* ® σ) е І Г п(гі)· 
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This proves im((7i) = ker(7Vi). For the injectivity of j i we construct a map 
G: A ( ¿ E ) S —*• ^ 4 ® ^ as follows: 
ι ® σ 
G{[z
v
])~ 
i f < P | b a n d a ( i B ) = «p, 
i f « P | 2 b u t « p / b . 
The map G is well defined, since G respects all trivial relations in A{LE)-£· Let 
σ G Σ and ф | Ь . There exists an element τ e Σ such that r ( ! 8 ) = φ . Then 
(1 - ff)z<p = Zqj - σ (Zqj) = Z^aj) - Ζ
στ
( !Β) + Ζσ^) !-• 
·—» ¿ ® г + » ig) σ — iI ® σ τ = 0. 
Clearly G о gì = 1, hence gì is injective. • 
We continue the construction of diagram (2.3.І). Before defining the maps \ L E 
and N2 we prove a lemma. 
2.3.3 L e m m a . The norm map NLE/E'-CÌ{OLE) —*CÌ(OE) induces a trivial map 
Afo:ce(oLE) - (μΑ®α(ο
Ε
[ί]))
Γ
. 
P R O O F : The group ( / ^ φ ^ ί ^ Ε ^ ] ) ) is a quotient group of CÌ(OE). The 
composition of NLE/E a n ( l the projection to the quotient yields the desired map Λ/Ό. 
Now ( / І 4 ® С £ ( О Я [ І ] ) ) CÍ Gal (LE: E) = Σ via the Artin map V L E / B - Let φ be 
a prime of E, and let ф ' be a prime of LE lying over ф . Then 
where f = fL B' is the residue class degree of ф in L ß . The degree ƒ also is the 
order of the Frobenius automorphism EJ , therefore φΐε/Ε ( № ] ) = 1 · Π 
We apply theorem (2.1.1) to the extension LE'-FI as well as to E:Fi. As a result 
we obtain two exact sequences, which can be connected vertically with transfers 
and norms into a commutative diagram: 
( / i 4 ( 8 ) « ( O i E [ | ] ) ) C i — A ' 2 + ( O F , ) / 4 — A{LE)GI — 0 
(2.3.iii) M 
(μ
Λ
®α{θΕ[$))
Γ
 —~K}(0Fi)/4~ Α(Ε)Γι — 0 
v
 ' Γ ι JE АБ 
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The map Λ/" is induced by the norm map ΛΓ: ö ( O t E ) —• (μ^Οί (OE[%\) ) hence 
λί is trivial (use the previous lemma). This implies that JLB is the trivial map, 
and consequently \ L B is an isomorphism. 
We now have almost all ingredients to build diagram (2.3.І). The bottom row 
of the diagram for instance can be obtained directly from lemma (2.3.2) by taking 
quotients modulo the action of Γι. Remember that / І 4 ® Е is a trivial Γι module. 
The commutativity of the right-hand side of diagram (2.3.І) follows directly 
from diagram (2.3.ІІІ). However, we have to put considerably more effort in the 
proof for the commutativity of the left-hand side of diagram (2.3.І). 
Westart with applying theorem (2.1.1)on the extension LE- E, thus yielding the 
right exact sequence marked with an asterisk V that is contained in the following 
commutative diagram: 
(2.3.iv) 
( ·) 
0 μ4®Σ 
λ', (/ΐ4®α(σ
Λβ
[*]))_ — κί (Ов)/4 — Α(Ι
Ε
)
Σ
 — о 
Af' Ν, 
μ^α(θ
Ε
[ί]) 
К}(Ов)/4 Α (Ε) - 0 
»- coker(/\f') 
The vertical maps in the middle of the diagram are induced by norms. Observe 
that д is an isomorphism, hence 
X
'LEJ = Яід^р. 
Our purpose is to show that for every non-dyadic prime ρ of E the following 
equation holds: 
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(2.3.V) A i , j ( i e p p ] ) = [ * . ( ! B ) ] , 
where 
LE/E] _ 
σ = '-\ = <PLE/E (p) · 
This equation will be proved at the end of this section. If (2.3.v) indeed holds, 
then using the map G from lemma (2.3.2) we derive 
Ô - У i β [φ]) = G ([*,(»)]) = i ® σ = i Θ φι
ε
ΙΕ (p), 
which proves that the following equation holds: 
(2.3. І) a - 1 p = v P i I 
where Р І : ^ 4 ® С £ ( О Е [ І ] ) —• [μ^ϋί ( 0 Ε [ ^ ] ) ) is the canonical projection. From 
this equation we derive that φ is an isomorphism. The map φ is surjective since ρ 
and d~x are surjective. The injectivity of φ follows from the fact that ker(pi) = 
ker(d~ l p). In order to prove this let a G ker(ô_ 1p). Then ρ(α) = 0, hence 
α = Я'{Ь) for some 6 € (^4®Cf ( 0 L B [ Ì ] ) ) . But then pi (α) = ριλί'(b) = 0 
according to lemma (2.3.3). 
The commutativity of diagram (2.3.І) follows from the next commutative dia­
gram. 
ßA<S>ce{OE[\]) — к2 ІРВ)ІА — 2J 
λ',. 
μ4®Σ 
Л ( L B ) , 
ME) 
ME) 
«1 Ν, 
Taking quotient modulo the action of Γι yields diagram (2.3.І). In the process use 
equation (2.3.vi). 
We finish this section with the proof of equation (2.3.v). First we compute 
j (i ® [p])· We choose a prime ψ of LE lying over p, and define 
/ p : = | V I = tf(p)-l 
and 
where ƒ = ƒ£ E' — [ку.к ]. In order to compute j(i® [p]) we need an element 
x G Л'г (ί1) such that 
rq (x) = f «(» = 
ifq = p, 
if q/2 and q ^ p. 
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Then j (»' ® p) = x 4 G K2 (ΡΕ)/Α· The element χ is constructed as follows: Select 
a prime φ of LE that is lying over p. By Wqj: Jfcqj" —* kp we denote the norm map. 
This norm map is surjective, and is equal to taking ^yAj^-th powers. Choose an 
element α € ¿φ* such that 
ΛΓ<ρ(α)=ϊ e V . 
From proposition (1.2.1) follows that there is an element y G K2 {LE) such that 
ifü = V, 
ι; TU (y) = if û / 2 and Û # φ . 
From the commutativity of the diagram 
KÌ(LB)—- Θ *Û · 
o|p 
*
Г
Ь Б / В (ЛГ 
* г • 
^ 2 (£) Jfcp' 
we conclude that by defining 
χ : = ^LEIE (У) 
we obtain the required element x. 
The computation of A ^ (x4) goes in two steps. First we have to find an 
element ν G Κι (PLE) such that triE/E (v) = x 4. Since y4 may not be contained 
in the tame kernel, this element does not satisfy the requirements. We obtain ν by 
multiplying y4 with a suitable element of ker (ЬТІ
Е
/Е)· We choose β G λρ* such 
that 
** = βσ(β)-1. 
We can do so, since a" = aN^ in ¿ φ ' , and since the image of 1 — σ: ¿<p* —» ib<p* is 
a cyclic subgroup of order „VA ~ = |кег(ЛГір)|, hence кег(І (р) = im(l — σ). The 
class β then exists since Νφ (α 4) = i4 = î . Then 
therefore 
for some integer r. Now we select roots of unity ζ and η. The root of unity £ in 
the completion ( ¿ я ) т is determined by 
m «j 
£-T = β, 
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where m<p = \μ ((¿£;)(p) · The root of unity τ; is selected such that c(£) = 1. For 
the definition of the map с we refer to section 1.2. Define ζ = (£Q) € φ ρ ((LE)Q) 
чес 
such that 
- { • ( Q = ^ 7 ; ifÛ = ®) i f Ü ^ C , £3 5ε φ and Q 5É «В. 
According to Moore's reciprocity uniqueness theorem there is an element w G 
K2 (LE) such that λ (w) = ξ. According to diagram (1.2.ii) we have 
if Q/2 and Ü / φ . 
Since (σ) is the decomposition group of p in LE we also have 
τα (σ (w)) = I 
[l if £3/2 and Ü ^ ф . 
The fact that ά4 = βσ(β)~1 implies 
Т{УЛ) = T^wa^w)'1^ , 
in other words 
r/tw-1a(w)€Ki(0LB) 
while 
tiLE/E (y4w-la(w)) = tTLE/E (y4) = x4. 
So the definition ν := y4w~1a(w) satisfies the requirements. The second step of 
the computation of X'L (¿4) consists of calculating the 4-th Hilbert symbols at 
dyadic primes of v. Since the 4-th Hilbert symbols of y4 are trivial, it is sufficient 
to compute the Hilbert symbols of w and σ(ιν). We compute the 4-th Hilbert 
symbol at prime φ-. 
-
mV -'V -N(f)J-\ _W(>)-1 N{t)i-l / _ Λ Γ ( ρ ) _ ι \ 
С τ " = / Г г = 0 - Ч — = 0 — i — - W ! f j = r = t f , p ^ j - 4 í - j = 
= Ν
ν
 ( ( Γ α ) - 1 ) = (V)-rì-1 = ~i-l-¡T. 
The 4-th Hilbert symbols of ID are trivial except at ф and 03. By the reciprocity 
law for Hilbert symbols (see (l.l.xiii)) the 4-th Hilbert symbol of w at Ъ then 
must be i 1 + ' r . For the computation of the 4-th Hilbert symbol of σ (w) we must 
look at the places σ(03) and σ ( φ ) = φ. At φ the 4-th Hilbert symbol of a(w) 
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is equal to σ (» - 1 - · ' Γ ) = » - 1 _ · ' Γ , and by the reciprocity law we now know that the 
4-th Hilbert symbol at <τ(!Β) then is equal to ι 1 + · ' Γ . 
The result of the above computation is that A^ (¿4) is equal to the 4-th Hilbert 
symbols at dyadic primes of υ>~ισ (w), hence equal to 
(1 + /rXe^a) - еда) = (1 + / r ) ^ * ) . 
Now use (2.3.ІІ) to conclude that 
since ƒ is the order of σ. Resuming all of the above considerations we finally have 
completed the proof of equation (2.3.v). 
2.4 The module A(LE) 
In this section we wiil meticulously study the actions of Γι and Гг on A (LE) for 
the splitting cases. We will also revisit the module A (E). 
We study the splitting cases d = 1,7 (mod 8). This implies that E has two dyadic 
primes, which we call 3)і and ©2- First we compute A {E)
r
 . This computation has 
already been performed in section 2.1, so we may regard the following calculation 
as an exercise, or skip it entirely. We can describe С (E) by 
C(E) = {aeVl+ßeS)i Ι α , ^ € Z / 4 } . 
In this case we denote elements of С (E) and A (E) with vector notation as follows: 
(α, β) = аед, + /Je©,. The action of Γι = Gal (E: Fi) on Z/4 is given by τι (Ϊ) = 
—Ϊ. The action of Γι on S depends on the value of d modulo 8: 
f (71 («).7i ( W iíd=l(mod8), 
71 ((α, β))={ 
[Ы№,Уі{а)) ifd = 7(mod8). 
We fix ©1 as the base prime of E. Then A (E) is generated by г©, = (ϊ, —ϊ), and 
A(E) is cyclic of order 4. The action of Γι on the generator is described by 
{ (-1,1) = - г о , i f d = l ( m o d 8 ) , 
( ï , - ï ) = *j>a ifd = 7(mod8)1 
and consequently 
( гго, i f d = l ( m o d 8 ) , 
О i f d Ξ 7 ( m o d 8 ) . 
From this equation we obtain 
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( μ-ι/μΐ - W if d = 1 (mod 8), 
μ
Α
 if d = 7 (mod 8). 
Now we concentrate on the module A (LE)- The dyadic primes of E split completely 
in LE, hence there are |Σ | dyadic primes in LE lying over ©ι, and | Σ | dyadic primes 
in LE lying over ©2- The group Σ acts uniquely transitive on both sets of primes. 
We parametrize these primes of LE as follows: select primes φ ι and фг lying over 
©i and ©г respectively. Then define ф,
р<7 for all j = 1,2 and σ £ Σ by 
(2.4.І) φ
ίισ
:=σφι. 
We choose φ ι as the base prime of LE- Therefore we have a base for A (LE) 
consisting of all .ïqj,,, with ,7 = 1,2 and σ G Σ, except for ζφ
ΙΛ
 = 0. From now on 
we will use the shorthands zip<r = zqj, and eii<7 = eqj, . 
We study the action of Γι and Γ2 on A(LE)- First we describe the action 
of Γχ and Γ2 on the set of dyadic primes of LE (the action of Σ is described by 
equation (2.4.І)). Choose continuations jj of yj to LE for j = 1 and j = 2, then 
for all j G {1,2} and σ G Σ. For all j , к € {1,2} there exist uniquely determined h £ 
{1,2} and σ £ Σ such that 7 ; ф і = фл,», so we can define maps <£>¿: {1,2} —» {1,2} 
and p: {1,2} χ {1,2} -• Σ such that h = φ
ί
 (к) and σ = pjk. For all j,k £ {1,2} 
and σ G Σ we therefore have: 
(2.4.ІІ) ТіФм = W * = ¿ - ^ і Ф * = ^ - ^ X c * ) , ^ = ^(Н-И-^Чл· 
By this equation we have the following actions of Σ, Γι and Γ2 on the set of dyadic 
primes of LE-
і-фі,* = фі,™ for all k£ {1,2} and r, σ G Σ, 
Τι Φ*,* = Фу.С*)..-^,,» for all t e {1,2} and σ € Σ, 
72ф*,<, = Ф
 3(іЬ),^,,к for all ¿G {1,2} a n d a G Σ. 
For later use we compute Tf and Щ. Notice that у1\
Е
 = 7? = i £ , hence 7? G Σ. 
Then 
γ / φ ^ ^ ^ ι ^ , ^ Φ ^ , ^ ο ^ 
Observe that ^j is a permutation of {1,2}, hence φ* = X{il2}· Therefore 
From the fact that Σ acts uniquely transitive on the primes over S)i we conclude 
Ъ
2
 = ^ Г / Ч ^ і ) forj = 1,2. 
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The permutations ifij depend on the value of d modulo 8: 
ïiÇjSi j,\y Ь ъСУ*1 ®LJ Ь 
7 Î 7i 
d=l(mod β) ¿Ξ 7 (mod β) 
From the above diagram we deduce 
'Vl = 41,2} { 
and 
>2 = Ф 
φι = Ψ ( ι 
ψ2 = 
\fd=l (mod 8), 
if d = 7 (mod 8), 
V   1{1,2} 
where ψ (к) = 3 — к is the non-trivial permutation of {1,2}. With these equations 
we obtain 
T? = ΡΪ,ΪΡΐ,φ^Ι) = 
i E i f d ^ 1 ( m o d 8 ) , 
Рі.ІРі.г if ( f = 7 (mod 8), 
and 
( P2,iP2,2 if d = 1 (mod 8), 
РІІ if d Ξ 7 (mod 8). 
Another object that will be used is the commutator [71,72] = УіУ27і172 ' · This 
commutator is an element of Σ, since (71,72) = G a l ( £ : Q ) is abelian. Observe 
that 
7 2 7 1 * 1 = ^ , ( 1 ) ) , , , ^ ^ . 
In both cases d = 1 (mod 8) and d = 7 (mod 8) we have 
<P2¥>1 = Ф, 
hence 
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A similar calculation yields 
7172^1 = V7.,;\,li9am = Р2",ІРі,^(і)Ф2· 
With these equations we then have 
[7ь72]727іФі = 7і72фі = Р7,ІРі,
 з
( і)ф2· 
The result is [7i .72]Pi, iP 2 | V , i ( 1 ) = P2,iPi,Vj(i)> a n d consequently 
[7i,72] = РІіРі,
 з
(і)Р2,\Р2І1(і) = { ΡΓ,ΪΡΙ,2Ρ2,Ϊ i f d = l ( m o d 8 ) , 
(P2,1 Рг.г) if d = 7 (mod 8). 
Now we are ready to compute the actions of Γι and Γ2 on the module A(LE)· 
Before we do so, we describe the action of Σ on A(LE)· This action has already 
been studied in the previous section, but different notations were used. Therefore 
we repeat the properties of A {LE) as a Σ-module. We have 
τ (eJì<7) = z¡jo for all r, σ e Σ and j = 1,2. 
For a generator Zji<F of A (LE) we have 
(2.4.ІІІ) τ(ζ,>σ) = r ( e j | ( , - e i . i ) = e j i T < 7 - e i , , - = 
= ej.Tc — £1,1 — βι,ι + e i , r = zJtT<r — ζιιΤ 
for all j , к G {1,2} and r, σ G Σ. By ι we denote the identity map on Σ. 
Now we turn to the action of Γ} on A (LE)- The groups Г7 act by multiplying 
with —1 on Z/4, and from equation (2.4.ІІ) we obtain 
7j (et,a) = -eV]{k)M-1^P,,k 
for all j ' , it G {1,2} and σ G Σ. Then 
7j (zk.a) - Ί) (ct,<7 - β ι , ι ) = - e ^ ^ j ^ , . , , , ^ ^ + е ^ ( і ) , ^ ^ = 
= ^ ( Ο , ρ , , , - г*>,(*),<7(-»'^
іа 
for all j , /fc G {1,2} and σ G Σ. We also compute the action of Σ and Γ, on a special 
element y in A {LE)· 
2.4.1 Definit ion. We define the element y ·= 22,1 = е і д — β2,ι. · 
Let σ G Σ, then 
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(2.4.І ) ay = (722,1 = Ζ2,σ - ¿Ι,σ, 
and for yj we have 
From equation (2.4.iv) we see 
Ъ.е
 Ξ
Ε У + *1,σ f01 ^ ^ G Σ, 
and from equation (2.4.ІІІ) we derive 
г1іГ<т = E гі і Т + ¿ι,,, for all r, σ € Σ. 
This result was already established in section 2.3, see equation (2.3.ІІ). We see that 
А(ЬЕ)Ъ is generated by the classes [y] and [21,,,] with σ £ Σ. 
We now will prove that Γι acts trivially on im(ji). For the map g\ we have 
9\{}®σ) = [ г і Д з о 
71 (91 И ) = 71 (h,»]) = Κ,,Ο).,, ,] - [Ζφ^,σ-ΐρ, ,]· 
The value of ^Ί (1) is either 1 or 2. If ^Ί (1) = 1, then 
7i (i/i И ) = [^./..J - [гі.а-ір, J = [«Ι,Ρ,,,Ι - [^ι,,-ι] - fa,,, J = 
= - [ ^ Ι , σ - ι ] = [Ζΐ,σ] = 
= i l И , 
and if Vi (1) = 2 then 
71 (<7l (θ·)) = [í2,/,l|1]-[22,<7-V11] = 
= M + [*1.PI.I]- M - [* ! .„ - , , , , ] = 
= - [2 l ,»- i ] = ffl(ff). 
As a result of the previous consideration g\, and consequently g?, are Гі-linear. We 
have the following commutative diagram of ΓΊ-modules. It is its kernel-cokernel 
sequence that we are interested in. 
0 0 
/ \ / \ 
0 и ker((/2) • μ 4 ® Σ - ^ ^ ( Ι £ ) σ ι Λ > 1 ( £ : ) Γ ; — - 0 
A /-
(2.4.V) 
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Observe that 
Ni M) = tfi ([ei.x] - ["ад]) = (Ï. " ! ) € (z/4 x Z ^ , 
while ^ і ([гі,,]) = 0. Now we describe the action of Γι on A (LE)^· The action of 
Γι on elements [ζι
ισ
] is trivial. We compute the action of Γι on [y]. Observe that 
(1 - 7i)y = У - «».(i),,,., + ^,(2),,,,· 
In case d = 1 (mod 8) this means that 
(l-7i)[y] = M - [«i^J + [ ^ J = 
= 2[у] - [zliPi J + [z^J = 
whereas in case d = 7 (mod 8) this means 
( l - 7 i ) [ y ] = [У] - [zi^J + [zi.,, J = 
= [Z1 о"'/, ] = [^1 ·*»]· 
This gives rise to the definition of the element 6 := (1 — 71 )y € A (LE)- Suppose 
we have an arbitrary element ξ e кег(7г). Then Ç = (1 — 71) (η) for some class η 
in A ( ¿ E ) E · Write »7 = m[y] + Σ пЛ гі,»] ^ о г s o nie m, n„ Ç. Ζ, then 
( l - 7 i ) ( 4 ) = n i ( l - 7 i ) [ » ] = í . 
Hence ker(7r) is generated by the element 
'
2 M + k , r > J if a s i (mod 8), Í 2[y] + [г, 
1 ^ М Г . І ^ , 
[Ь] = (і-ъ)[у}= . . ,
 / j ч 
] if ¿ Ξ 7 (mod 8). 
э 
The map N of diagram (2.4.v) is the restriction of Λ^ ι to ker(ir). We have 
{ (2,-2) if d = 1 (mod 8), 
0 if d = 7 (mod 8). 
And with this result we obtain 
f (2M) = <[*!,,-„, J ) i f d s l O n o d S ) , 
k e r ( ^ ) = ^ 
1 (W> = ÍKP7\PJ) = «*1Л?]> i f d = 7 ( m o d 8 ) · 
Notice that from diagram (2.4.v) follows that кег(Л^) is isomorphic to ker((;), so 
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((І®РТ\РІ2) ifd=l(mod8), 
кегЫ={ 
Ι <*βf?) ifd^7(mod8). 
If d = 1 (mod 8) we obtain the exact sequence 
0 — (ΡΓ>?,2) — Σ — АГ+ (0Fl)/4 — Д2 — 0, 
and if d = 7 (mod 8) we obtain the exact sequence 
0 (7?) " Σ — K+ (0Fl)/4 • w - 0 . 
In both sequences the map ¡p' is the composition of the following maps: 
Σ — - μ4®Σ — * ( л 4 ® а ( о в ф ) ) Г і K+ (0Fí)/4 
In the next section we relate the quotient groups E/^p-^pJ
 2) and Σ/(γ^ to certain 
ideal class groups of /V 
2.5 T h e splitting cases 
In this section we will finish the proof the Main Theorem for the splitting cases 
¿ = 1 , 7 (mod 8). Also we will prove the addition to the Main Theorem concern-
ing the case d = 1 (mod 8) and d < 0. 
The key to the solution is the fact that we can lift 7173 to automorphisms of LE 
having order 2. In fact any lift of 7172 has order 2. This is the content of the 
following lemma. 
2.5.1 Lemma. The automorphisms 7172 and 7271 have order 1 or 2. 
PROOF : We will only prove (7172)2 = I L E , the proof of (7271 )2 = I L B goes 
similar. Observe that 7i72|£; = Ύ27ι|
Β
 = 7i72 is the generator of Gal (E:Q(i')). 
This fact will turn out to play an important role in the proof of the lemma. First 
we have to write the extension LE'· E as а compositum of a family of subextensions 
of sufficiently small degree over E. The group Σ is abelian and has exponent 4, 
hence Σ is the direct product of cyclic subgroups with order 2 or 4. Let С be such 
a cyclic factor of Σ with order 2 or 4. Then we can write Σ = Σ' φ С, with Σ' the 
product of the remaining cyclic factors of the decomposition of Σ. The subgroup 
Σ' yields a subextension Kc-E of LE:E, with Ga.\(Kc-E) = С ~ Σ / Σ ' . The 
compositum of all fields Kc then is LE-
According to (2.2.5) the extension L^rQ is Galois. The Galois group Σ' is stable 
under the actions of Γι and Γ2, since σ"*' = σ^ - 1^ for all σ € Σ' and j — 1,2. 
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Therefore Gal ( ¿ в : Kc) is a normal subgroup of G a l ( L ß : Q ) . This means that 
/ f rQ, and consequently ./f:Q(i') are Galois extensions. 
From now on we assume that К is a subfield of LE containing E, such that 
Gal {K: E) is cyclic of order 2 or 4. Let G к be the Galois group of K: Q(«'), and 
let Σ χ : = Gai(K:E), which is cyclic of order 2 or 4. Denote Го := (71T2) = 
G a l ( £ : Q ( » ) ) . Choose a lift δ of 7172 in GK- Then δ2\
Ε
 = i ß , hence Ä2 G 
Gal (A": £") = Σχ • Our object is to show that 62 = ΐ χ . We now have two possibil­
ities: either | Σ Α · | = 2 or \Σκ\ = 4. 
In the case \Σκ\ = 2 we have an extension of groups which we can describe 
with the following diagram (with C
n
 we denote a cyclic group of order n): 
1 •• C2 GK *• C2 ·• 1 
* '-• 7i72 
with | G K | = 4, which means that GK is either cylic (GK — C4), or GK is isomor­
phic to Klein's 4-group (GK = V4 ~ C2 φ C2). We will show that GK can not be 
cyclic, hence ord (δ2) = 1. Suppose GK — C4. Then the extension K:Q(i) has 
exactly one non-trivial subextension, which therefore must be E:Q(i). Choose a 
prime ρ of Q ( i ) , that ramifies in E. Such a prime exists, since Q(»'): Q is unramified 
outside 2, and since there exists an odd prime number ρ that ramifies in Q(\/d). 
By the way, this is the actual place where we use αφ ± 1 , ± 2 . 
We now choose a prime φ of E lying over p. Then φ is unramified in К since 
К С LE and LE-E is an unramified extension. But this situation can not occur 
in cyclic extensions, since the inertia group Τ of p in К has order 2 (which follows 
from the fact that ρ is ramified in E but φ is unramified in K), so the fixed subfield 
K7 of К with respect to Τ gives us a subextension KT:Q(ï) of degree 2, hence 
KT = E. This contradicts the fact that ψ ramifies completely in K. 
Now assume | Σ Α - | = 4. Then GK has order 8. Moreover G к is non-abelian 
since the conjugate of Го is non-trivial. Hence either GK — D¿ or GK — Qs, where 
Dg is the dihedral group of order 8, and Qg is Hamilton's quaternion group of 
order 8. 
Our purpose is to show that G к — Dg, from which we will conclude δ2 = 1. 
Suppose GK — Qs- The group Qg can be described as the set {±1, ± i , i^ i/ fc} 
with relations i2 — j 2 = k2 — 1, ij = — ji = k, jk = — ifcj = i and Jbt = — ik = j . 
Then Qg has three subgroups of index 2, namely (t), (j) and (k), and one subgroup 
of index 4, namely (—1). This implies that we have a diagram of subfields of A" as 
follows. 
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К 
2 
К' 
' / I Ν? 
* E * 
Essential is the fact that К has only one subfield of degree 4 over Q(i). As in 
the case \GK\ = 2 we choose a prime p of Q(i) that is ramified over E: Q(i). The 
extension K: E is unramified, hence the inertia group Τ of p in К has order 2. 
The fixed subfield of К with respect to Г then must be K', hence any prime φ ' 
of K' lying over ρ is ramified over K:K'. This contradicts the fact that Κ: E is 
unramified. 
We have shown that G к — Da, and we have the following extension of groups: 
1 • C4 Da • C2 » 1 
* ·-»• 7i72 
Since Da has no elements of order 8, we have 6* = 1. The dihedral group Dg has a 
unique cyclic subgroup of order 4, which therefore must be the kernel of Da —• Cj. 
A lift of 7i72 is not contained in this kernel, hence such a lift (and consequently 6) 
has order 2. 
This proves that the restrictions of 7172 to a subextension Κ: E of LE- E with 
[Κ: E] = 2 or [Κ: E] = 4 have order 2, hence (7i72)2 | / f = ΐ χ for all such sub-
fields K. Therefore (7172)2 is trivial for the compositum of all subfields К. This 
compositum is LE, hence (7172)2 = i ¿ B . Π 
Remember that we are in the process of proving theorem (2.1.2) for the splitting 
cases d = 1,7 (mod 8). We treat the cases d = 1 (mod 8) and d Ξ 7 (mod 8) 
separately. 
d = 1 (mod 8): we study Ζ/(ϋ2), where ϋ is defined by ϋ := p f j p ^ e Σ. We 
will prove 72 = ϋ2. From the previous section we will use the results 7J = 1, 
72 = P2,iP2,2 a n d [7i)72] = РТ\Рі,2Р2І = ^PJÏ· We have the following calculations: 
[7l,72]72 = uP2,l(P2,lP2,2)2 = ^2,2 
and with previous lemma 
[7ι,72]72 = ЪЪпг^Ъ1^ = Tl 727172 = (7ι72)272 = Тг· 
Therefore 72 = (^Рг.г)2 = ^ 2 P 2 2 = ^2, since 4 is an exponent of |Σ | . From this 
fact we will deduce that LE*0 · F2 is the maximal subextension of the abelian 
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extension LE-F? with exponent 4. First we show that Gal (¿в ' 1 ' ' :F2j has ex­
ponent 4. Denote Gj := GAÍ^LB-FÍ), then for all g G G2 there are σ 6 Σ 
and Jfe G Ζ such that ¡7 = σ^*. Hence ^ 4 = 7J' G (72)1 a n ( ^ consequently y 4 = 
= 1 (mod (72))· This means that G^/^) = СгД^ 2) has exponent 4. 
Now let K: F? be a subextension of LE- F2such that Ga\(K: F2) has exponent 4. 
Denote Я := Gal (LE: К), then g4 e H for all g G G2, hence 7^ G Я, and 
consequently (^) С Я. Therefore Я С LE^ = LE^• Since Gal (LB^: F2) 
has exponent 4, and L B ' * ' :F2 is abelian, is finitely unramified, and all dyadic 
primes of F2 split completely in LE^ ', we have LE^ ' С Lp . But Lp : Fi is a 
subextension of LE'· F2 of exponent 4, hence Lp С ¿я '^ 3 ' , and we have proved 
L'p = LE^ '• The situation can be illustrated by following diagram: 
θ2/(ϋ2) 
(ι?2) 
W(i>a) 
1 or 2 
E 
F2 
> Σ 
Ь 
>G2 
We have an exact sequence 
0 • E/(tf2) G2/(tf2) 
with G2/(u2) = Gal(LÍ;3:F2) ~ Cf+(0 F a [ i ] ) /4 . We see that the group Id of 
theorem (2.1.2) is a subgroup of СІ+ (OF3[^])/4 of index 2. This completes the 
proof of the Main Theorem (2.1.2) for the case d = 1 (mod 8). 
d = 7 (mod 8): we have the following exact sequence 
0 (7?) • Σ К} ( О
л
) / 4 /І4 -О 
\ / 
Id 
/ \ 
о о 
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We use [71,72] = (Рг.іРг.г)-1· The field F2 has two dyadic primes Di and Ö2, which 
ramify in E. We determine the decomposition groups Z^ B' and Z(a B' of ΰχ and 
Э2 in LE- The extension LE'· FI is abelian, so if we find non-trivial Cj 6 G2 with 
ε;·φ,· = φ,- for j = 1,2, then Z ^ F ) = (ε,-). From equation (2.4.ІІ) we see 
hence 
ζ
ΐ
Ε)
 = {Рі)У2) for j = 1,2. 
Define ε^ · := pjJ72 G G2· From the fact that Di and 02 do not split in E, while the 
dyadic primes ¡Di and ©2 of E split completely in LE, we conclude Zj, = 2. 
Therefore ε^ = ε^ = 1. Together with the fact that G2 is abelian this gives us 
(ειε 2 ) 2 = 1. 
With this equation we derive 
ειε 2 = (еіег)" 1 = Ρ2,ι7ίΙΡ2,27ί1 =72'2(p2,iP2,2) = 
= 72"2[7i.72]_1 =Ъ1УіЪ17Г1 = 
= (ъ'^ъ'ъ'ъ1 = т^т^ъ1 = 
= У ι (7і72)~2 = 7?. 
We have the following situation. 
Σ < LE{CIC3) 
LE 
l· \ 
LE^ 
I' У 
LE(<L4)=K 
LE^ 
Define К := L E
( t ,
'
e a
' = Lß*"' П І д І " ' . The dyadic prime fy splits completely in 
the fields LE*'1' = LE '> , hence both primes Ь\ and дг split completely in K. 
Moreover СаЦА":^) =: Gal ( ¿
в
( г , г а ,
: £ ' ) ~ Ъ/^І) is abelian with exponent 4, 
and K: F2 is unramified at finite places. Therefore К С Lp . 
On the other hand, since Dj splits completely in ££
а
, this field must be contained 
in the decomposition field of dj, which is LE^'^- But then L£ С К. This proves 
К = ¿k and 
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U ~ Щуі) ~ Gai{K: F3) = Gal (£+,: F2) ~ « + (Oñ[^])/4. 
This completes the proof of the Main Theorem (2.1.2) for the case d = 7 (mod 8). 
"We finish this section with the proof of the addition to the Main Theorem 
concerning the case d = 1 (mod 8) and d < 0. This addition is proved if we show 
that Σ/(02) is isomorphic to C£ (θρ3[±])/4. Observe that from d < 0 follows that 
Fj is real quadratic. We need the following fact: 
2.5.2 Lemma. Let d < 0 and let d Ξ 1 (mod 8). Then L^: LF3 " a CM-
extenston. 
PROOF : First we notice that L^iLf, has degree 2. This follows from the fact 
that 
This quotient has value 1 or 2. But in our case, the quotient actually has value 2. 
This follows from lemma (3.2.2), which will be proved in the next chapter. In order 
to apply this lemma, we must show that — d £ M_i and — d £ Λί_2. This follows 
directly from lemma (1.3.3). 
Since F2 is totally real and since Lf
a
: F2 is unramified, the field LF, is totally 
real. Let ρ be an arbitrary real infinite prime of L/-3. If p is unramified in Lp , 
then there is a real infinite prime φ in Lp . Since L j : LF3 is a Galois extension, 
all infinite primes of Lp must be real. But then Lp : LF3 is unramified, hence 
Lp = LF?, which contradicts the fact that [Lp rLf,] = 2. So the field Lp is 
totally imaginary, and Lp : LF3 is a CM-extension. • 
From this lemma follows that complex conjugation on Lp3 is a continuation of 72 
to LÌ . Therefore we may assume that 72U+ = *£+ · But then 7! € (1?2) = (72)· 
So we must conclude that ord(72) = 2 (mod 4), in other words: 7! = 1. 
Now things can be simplified considerably. The group (ϋ2) is trivial, hence 
LE = Lp , and the maximal real subfield of the CM-field L ^ is LE^3K which 
implies LE^*' = ¿f,- The following diagram illustrates the situation 
LB = L% 
LF, = LE™ 
ь 
Ε/(0*) ~ h 
From this diagram we readily deduce the desired isomorphism 
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Id ~ E/(ja) = Σ = Gal(L £ : Ε) ~ Gal(Lfa: F2) ~α(θρ,[\\)/4. 
This completes the proof of the addition to the Main Theorem. 

CHAPTER 3 
APPLICATIONS 
3 Applications 
3.1 A 4-rank formula for Kf 
The Main Theorem establishes a relation between the groups ^ti^nfn))/^ 
and C£+{0 / __\[ |])/4. This relation enables us to derive a 4-rank formula for 
For every positive integer Jfc and abelian group A we denote the exact power of 2 
in the order of A/2k by £* (A), in other words 
|A/2*| = 2?hlA). 
For all it > 0 the following equation holds: 
it (A) = гкг (A) + rk4 (A) + - • · + rk2 k (A). 
This implies for instance 
(3.1.І) rk4 (A) = it (Л) - h (Л) = ti {A) - rk2 (A) . 
Assume the same notations for F\, F^ etc. as in the previous chapter (see page 23). 
From the Main Theorem of the previous chapter we deduce 
where 
if d± 7 (mod 8), 
- c if ¿ = 7 (mod 8). 
With equation (3.1.i) this yields 
(З.І.ІІ) гк4(Яа+(Ол)) = /а(а+(Ога[і]))+е(і-гк3(л:+(о,1)) = 
= rk4 (Cf+ (0,Ле])) + e- + rk2 (Cf* (0,a[I])) -
- r k 2 ( ^ 2 + ( 0 F l ) ) . 
From the 2-rank formula for A'j" follows that 
rk2 (KÎ {0Fl)) = rk2 (C£+ (Of, [Ì])) + g2 (Λ) - 1. 
By substituting this equation in (3.1.ii) we obtain 
(3.1.ІІІ) rk4(A' 2 + (0 F l )) = r k 4 ( C ^ ( O f 3 [ | ] ) ) + e d + r k 2 ( C f + ( 0 F a [ I ] ) ) -
-гк2(а+(С Л Ш - ^ і ) + 1. 
In section 1.3 (page 13) we introduced the notations c(F), c + {F) and c2 (F) for 
quadratic number fields F. In this section we also define the number c2 (F) by 
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cí(F):=pk2(Cf+(OHe])) 
for quadratic number fields F. We put our attention to the difference of the 2-ranks 
in equation (3.1.Hi): 
к := 4 (F
a
)-e+(*•!) = 
In section 1.3 we also defined the numbers tfj (F) and S+ (F). We add definitions 
6 (F) and 6} (F) for quadratic number fields F by 
6 ( F ) : = c 2 + ( F ) - c 2 ( F ) 
and 
6}(F) := rk a(a+(0,))-rk a(Cf+(OHè])) = 
=
 C +(F)-c+(F) = 
= C+ (F) - c(F) + c(F) - c2 (F) + c2 (F) - c+ (F) = 
- 6+(F) + 62(F)-6(F). 
In order to acquire information about б£ (F) we study the exact sequence 
о —- c+ (F) —• ce+ (oF) —- ce+ (owèl) — - 0 
where С* (F) is the cyclic subgroup of C£+ (Op) generated by the class [Ъ]+, with 
a dyadic prime 0 of F . We have 
( 0 if [Ь\. = [a]. for some fractional ideal α of F, 
1 in all other cases. 
Let F = Q(v'5) and let f = f\ be the residue class degree of t> in F. We use 
proposition (1.3.4) to obtain the following property: 
M + e Gf+ ( o F ) 2 «=>. 3 « , + [ A T F / Q (/?) = JV (D)] 
<=• 3,6,4 [ArF/Q (^) = 2^ ] 
<=> ¿ Ξ 5 (mod 8) or а€ Мг. 
This implies 
{ 0 if d = 5 (mod 8) or d e Мг, 
1 in all other cases. 
Now we can express к in terms of 2-ranks of narrow ideal class groups: 
к = rk2 (Cf+ {OF,)) - 6} (F 2) - rk2 {a+ {0Ρι )) + 6+ ( F 0 
= U d - í í í ^ + Í Í Í F O 
with щ := rk2 («+ {OF,)) - rkz («+ ( O F , ) ) . With Gauß' theorem we can compute 
the difference of the 2-ranks: 
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( 1 ifd= 1 (mod 4), 
0 if d = 2 (mod 4), 
- 1 ifd = 3(mod4). 
Notice that from lemma (1.3.2) directly follows, that d 6 Afj if and only if — d G M2, 
hence ( 0 if d= 1,2,6,7 (mod 8), 
- 1 i f ( i = 3 ( m o d 8 ) , 
1 i f d = 5 ( m o d 8 ) . 
The final result is ( 1 \td= 1 (mod8), 
0 if ¿ = 2 , 3 , 5 , 6 (mod 8), 
- 1 if d = 7 (mod 8). 
The 4-rank formula (3.1.iii) then boils down to 
(3.1.V) rk4 (K+ (0Fl)) = rk4 (Ct*- (Oftljl)) + ed + к - 92 ( Л ) + 1 . 
The rightmost four terms of the right-hand side of (3.1. v) only depend on the value 
of d modulo 8. We have ( 1 if d= 7 (mod 8), 
0 i f d ^ 7 ( m o d 8 ) . 
Define 32 {E\ F\) := 52 {E) — 92 {Fi). This number can be regarded as the number 
of dyadic primes of F\ that split in E. Notice that 
92 (E; Fi) = g2 (E) - g2 (Fj) = ^ (F2) - g7 (Q) = 52 (^з) - 1-
An easy calculation shows that g2 (E; Fi) = Cd + к — ¡72 {Fi) + 1, so we obtain the 
4-rank formula 
(З.І. і) rk4 (K+ (0Fl)) = xU (Cf+ (OrJèD) + 92 (ia) - 1. 
Notice the resemblance between (3.1.vi) and the 2-rank formula for К2 {Όρ?)'-
rk2 {Kt {0F9)) = rk2 ( a + {0Рз[Щ + 92 {F2) - 1. 
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3.2 A 4-rank formula for K2 
A 4-rank formula, for K2 can be obtained by comparing the 4-rank of K2 (OF) 
and the 4-rank of K} (OF)- But we start with comparing the 2-ranks of both 
tame kernels. 
Many of the notions contained in this section origin from section 1.3. Also a lot of 
properties can be retrieved from that section. So it is advised to read section 1.3 
before going on with this section. The following lemma provides a way to get rid 
of the "+"-sign in the 2-rank formula for the tame kernel. Let F be a quadratic 
number field. We recall that 6 (F) = c% (F) - ъ (F). 
3.2.1 Lemma. 
rb (Кг (OF)) - rk2 (К} (OF)) =r1(F)-6(F). 
PROOF : Use the 2-rank formulas 
rk2 (K2 (OF)) = rk2 (а (ОИУ)) + 92 (F) + η (F) - 1 
and 
rk2 (К} (OF)) = rk2 (a+ (Orft])) + 92 (F) - 1. 
Now we compare the 2-ranks of the ideal class groups: 
гк
а
(а(ои*]))-гЫ<**(оие])) = 
=
 C 2 ( F ) - c + ( F ) = - 6 ( F ) > 
and the lemma is proved. Q 
The value of 6 (F) can be easily computed, as the following lemma shows: 
3.2.2 Lemma. { 0 tfd < 0 orde M_i U M _ 2 , 
1 in all other cases. 
PROOF : If d < 0, then 6+ (F) = 0 and ¿2 (F) = ¿J (F), hence 6 (F) = 0. Suppose 
if > 0. We consider two cases: d = 5 (mod 8) and d ^  5 (mod 8). 
If d = 5 (mod 8), then 62(F) = 6} (F) = 0, hence ¿ (F) = 6+ (F), and we 
already saw that 6+ (F) = 0 or 1, depending of whether d £ M_i or not. 
If d £ 5 (mod 8), then the value of δ (F) follows from following table: 
de Μ-ι пм2пл/_2 
de м_і \м2ил/_2 de M 2 \ M _ i U A / _ 2 
¿ем_ 2\м_і им 2 d g M _ i UM 2 UM_2 
MF) 
0 
1 
0 
0 
1 
6+ (F) 
0 
0 
1 
1 
1 
¿î (П 
0 
1 
0 
1 
1 
6(F) 
0 
0 
1 
0 
1 
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We see that if d > 0 and d £ 5 (mod 8), then S (F) = 0 or 1, with S (F) = 0 if and 
only if d £ Λ/_ι U Μ_2· The total result can be summarized as follows: δ (F) = О 
if and only if one of the following cases is satisfied: 
(i) d < 0, 
(ii) d = b (mod 8) and d £ Λ/_ι, 
(iii) d φ 5 (mod 8) and d G M_i U Af_2. 
This can be rephrased as follows: δ (F) = 0 if and only if 
(i) d < 0, or 
(ІІ) ¿G М-! , or 
(iii) d ^ 5 (mod 8) and <f € M_2-
Since from lemma (1.3.3) follows that d= 1,2,3,6 (mod 8) if d £ M_2, the lemma 
is proved. Q 
Now we treat the difference of the 4-ranks of tame kernels with and without "+"-
sign. The calculations that we will perform origin from the work of Conner and 
Hurrelbrink [9]. 
The following considerations work allright for arbitrary number fields, so until 
further notice we drop the assumption that F is quadratic. Define the following 
objects: 
A F := { a £ F* \ Vp<0O [p/2 =• vv (a) = 0 (mod 2)] } , 
Af := { a £ F+ \ Vp<0O [p/2 =• vp (a) = 0 (mod 2)] } = Д ^ П F+, 
G
 F := AF/F*
2
, 
G+ := AÌ/F+2 
From the work of Tate [24] we know that 2^2 (F) is the subgroup of K2 (F) con-
taining all elements { —1, a} with a £ F*. The tame kernel K2 (Op) is a subgroup 
of K2 (OF[5]) of odd index, since the orders of the unit groups of the residue fields 
kp' is odd for dyadic primes p. From this fact directly follows 
2tf2 (OF[\]) = 2K2 (OF) = { {-Ι,α} | α £ А
г
 ) . 
Define the map 'sgn': F* —* φ /іг entrywise by signs of real embeddings. Then 
F+ = ker(sgn), and 
iK+(0F)={{-l,a} | < * € Δ + } . 
Therefore we can define maps g: G F —• 2^2 (OF) and д+:С'р —• zK} (OF) by 
0(5) :={- ! ,or} 
and 
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i + ( f f ) : = { - l , o } 
for all о G Δ/· or α 6 Δ ^ respectively. Notice that g and g+ are surjective. The 
kernel of g is a elementary abelian group with 2-rank ^ ( F ) + 1, which is also a 
result of the work of Tate [24]. For the calculation of the 2-rank of ker(0+) we use 
the following commutative diagram: 
0 0 
2/Г.4.2 
0 -ker( f f +) 
ker(g) 
В 
F*l/F+ 
Gt 
GF 
sgn 
Ф Р 2 
2K} {OF) 0 
2*2 {OF) 
A+ 
φ /¿2 
t 
0 0 0 
The groups A and В are defined as the kernel and the cokernel of the canonical 
map ker((7+) —• ker (¡7). The numbers s and t are defined as the 2-ranks of the 
images of 'sgn' and λ + respectively. Form \+g = sgn and from the fact that g is 
surjective follows that s = t, and consequently 5 = 0. The kernel A is isomorphic 
to F*2/F+2· The result is the following formula for the 2-rank of ker(<7+): 
rk2 (ker (g+)) = rk2 (kerfo)) + rk2 ( F * 2 / F + 2 ) . 
It turns out that there are more places where the group F*2/F+2 occurs. There­
fore we define the number φρ '•= гкг (F*2/F+2). The value of фр can be easily 
calculated with the aid of the following lemma. 
3.2.3 Lemma. Let F be an algebraic number field. Then 
(ri(F) ifr1{F) = 0, 
ФР={ 
[ri(F)-l ifri(F)>0. 
PROOF : Consider the following commutative diagram 
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(3.2.І) 
F + 2 
F+ 
F*2/F+2 -
O-m&p 
F © μ2 •О 
'
β η
 r,(F) 
Via the snake lemma we obtain an exact sequence 
(3.2.ІІ) 0 — * F'2/F+2 — ^ + / 2 — F'/2 Θ μ* 
Dividing out squares from the bottom exact sequence of diagram (3.2.1) yields a 
six term kernel-cokernel exact sequence which can be split in the following way: 
0
 2 F + 3F· " 0 /i2 F+/2 F*/2 • • • 
ri(F) 
\ / 
M 
/ \ 
We may regard M as the kernel of the canonical map F+/2 —» F'/2, and from 
diagram (3.2.ІІ) we see that M is isomorphic to F*2/F+2. NOW jf* = {-1,1} = μζ 
and 2F+ = /i2 if η (F) = 0, and 2 F + = {1} if ^ (F) > 0, hence 
rk2 (F'2/F+2) = Π (F) - 1 + rk2 (2F+) , 
which immediately yields the desired result. [] 
The formula for the 2-rank of ker(j + ) now reduces to 
г к 2 ( к е г ( 5 + ) ) = г 2 ^ ) + г + 1. 
One of the consequences of this formula is for instance that гкг (кег(^+)) = 2 for 
every quadratic number field F. It turns out that ker(¡7+) is generated by 2 and d, 
if F = Q(vd) . Although these results are quite interesting, we actually will only 
use the formula rk2 (кет(д+)) — гкг (кег(</)) = φρ. 
Now we use a result from Milnor [18]: the Steinberg symbol { —Ι,α} is a square 
in I<2 (F) if and only if α G F* is a norm from E*, where E = ^(i) . This implies 
2K2 (OF) η K2 (F)2 = { {-1, a} J α G Δ Γ Π NE/F (E*) } 
and 
2К+(Ог)пК2(Е)2={{-1,а} \α£Α+ηΝΕ/Γ(Ε·)} 
Define the subgroups Η F and Η ρ of G ρ and Cp respectively by 
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H F :=(AFnNE/F(E-))/F*2 
and 
Hj: :=(&% П NB,F {&))№+*. 
Actually there is only little difference between Η F and Н£, as the following lemma 
shows. 
3.2.4 Lemma. Let F be an arbitrary number field. Then the canonical map 
Hp —* Hp is suiyeciive, and the kernel is isomorphic to F* /F*2· 
PROOF : It is sufficient to show that AF^NE/F (£*) = ^F^NE/F (£*)· By using 
if-theory, we can provide a simple proof for this assertion. Suppose we have an 
arbitrary element a G Δ ^ Π NE/F (£*)· Then there exists an element ξ S K2 (F) 
such that 
{-W = í2. 
We apply the map λ+ to ξ2: 
A+ (ξ*) = (A+ (О) 2 = ( ± 1 , . . . , ±1) 2 = ( 1 , . . . , 1) = 1, 
hence ζ2 € Κ} (F). But then 
8gn(a) = A + ( { - l | a } ) = A+(í3) = l, 
which implies α G F+. This completes the proof of the lemma. [] 
In order to be able to compute the 4-rank of the tame kernel, we must investigate 
2K2 (OF) Π K2 (OF)2· For this purpose we define a map φ: HF -* Сі(Ор[%])/2 in 
the following way: Let a G HF, then {-1, a} = ξ2 for some ξ G К2 (F). Let p be 
a non-dyadic finite prime of F. For the tame symbol at ρ we have 
rp(O a = rp( í a) = ( - l ) , » ( e ) = l· 
Therefore there exist numbers ip G Ζ such that Гр (ξ) = (—1)*' for all p/2. From 
this we obtain a fractional ideal α by 
0:= Π Ρ ' ' · 
Now we are ready to define φ (ci) := [0] G C£(OF[^])/2· 
3.2.5 Proposit ion. The тар φ: HF —* C£{OF[J])/2 «* β well defined group ho-
momorphtsm and 
2K2 (OF) Π K2 (OF)2 = { {-1, <*} | ff € *er(v) } . 
PROOF : Suppose a = β for some α,β G AF П NE/F (E*). Then f = 7 2 for some 
γ G F*. Let ξ, η G Κ2 (F) such that 
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{ - l , a } = É a and {-1,β) = η\ 
Suppose Τρ (ξ) = (—1)'» and τ
ν
 (η) = (—1)*» for all non-dyadic finite primes ρ of F. 
Then 
(¿T1)2 = i V 2 = {-І.аГ 1} = {-1,72} = I-
But then there exists an element δ G F* such that 
ζ η-
1
 = {-1,6}, 
and from this we conclude 
( - l ) , ' - " = rp(Or p ( i , )- 1 = ( - l ) M , ) · 
Hence there are integers Up such that ίρ — βρ = υρ (δ) + 2tip. With α := J~[ ρ'» and 
Φ 
Ъ := Yl ρ*' we obtain 
Ρ/2 
[α] [b-1] = 
Π Ρ''"" 
Φ 
= [(«)] 
Π Ρ"' 
ρ/2 
Π Ρ· '
( , )
 Π Ρ"' 
ρ/2 \ρ/2 
2 
Π Ρ "
Ρ 
ρ/2 
is a square class in the ideal class group C£ (θρ[\])· This proves that φ is a well-
defined map. The proof that φ is a homomorphism is left to the reader. 
Suppose {-Ι,α} G 2K2 (Ор)Г\І<2 {OF)2· Then α Ε Ν
Ε
/
Ρ
(ΕΦ), and {-Ι,ο} = 
ζ
2
 for some ξ G ΛΓ2 (Of). This implies that τ
ν
 (ξ) = 1 for all p/2, hence φ(α) = 1. 
Suppose ^ ( a ) = 1. Let { —Ι,ο} = ξ2 for some ξ G Κ·ι(Ρ). Suppose Гр (£) = 
(-1)" ' for all p/2, with Up G Ζ and α = Π PUp· Then from φ{α) = 1 follows that 
p/2 
α = cb2(/#) for some fractional ideal b, some β G F * and some dyadic fractional 
ideal с This implies that v
v
 (β) Ξ «ρ (mod 2) for all p/2, and consequently 
MO = (-I)"''« = Mi- l . f l ) fo' a" P/2· 
Hence we can define ξ' := ξ • {-Ι,β} G A'2 (С>^[^]). The order of ξ' is a power 
of 2: 
« Τ = ί
4
 = {-!.«}'= 1· 
Hence Í' G (tfa (0F[i]))a = (K2 (0F))7 С ^ ( O f ) · But then {-Ι,α} = ξ2 = 
(C)2^2K2(oF)nK2(oFy D 
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Define the group RF := ker (ψ), and the map r: RF -+ 2Ä2 (Op) П K2 {OF)2 by 
r (δ) : = { - ! , α}. 
The consequence of the previous proposition is that г is surjective, and 
rk4 (А
а
 (OF)) = rk2 (2tf2 {0F) П A:2 ( O F ) 2 ) = 
= r k 2 ( f i f ) - r k 2 ( k e r ( r ) ) . 
The group ker (r) can be compared with already known objects, in particular with 
the map g: GF —• 2^2 (Op) defined by g (er) = {—1, α}. 
3.2.6 Lemma. Â:er(r) = ker(g). 
PROOF : We have inclusions ker (г) С Rp С HF С Gp and for a £ ker (r) we have 
{—Ι,α} = 1, hence ker(r) С ker(j). 
Now let a € ker(<?). Then {—Ι,α} = 1, which of course is a square in К2 (F), 
hence a 6 NE/F (£•*)· This implies 5 6 Hp. Calculating φ(α) yields φ(α) = 1, 
hence 5 G Rp. But r ( ä ) = {—Ι,α} = 1, hence α G кег(г). • 
In this way we obtain the following 4-rank formula for K2 (OF)-
rk4 (K2 (Op)) = rk2 (Rp) - rk2 (ker(ff)). 
So far, the calculations are equal to the calculations performed by Conner and 
Hurrelbrink [9]. Now we can proceed in two different ways. The first approach is 
to find a formula for rk2 (Rp)· This is the method that Conner and Hurrelbrink 
use. Their formulas one way or another depend on properties of the ideal class 
group of E. Another way is to compare the objects in the above equation with an 
equivalent "-|-"-variant equation, and then use the 4-rank formula (3.1.vi). This is 
the method that we shall use. It turns out that we are able to avoid the presence 
of E in the 4-rank formula whenever F is totally real. 
So we are going to reproduce all the propositions and lemmas in this section, 
but now we present their "-(-"-variants. Most of the proofs of these propositions 
and lemmas are similar to the proofs of the "ordinary" propositions, and in that 
case we will skip the proof. Sometimes one should be careful, and of course we will 
mark such places. We start with a useful lemma. 
3.2.7 Lemma. For every number field F the following equation holds: 
K+(F)2 = K2(F)2nK+(F). 
PROOF : Lemma (1.2.5) states that 
0 »KÏ(F) -K2(F) φ μ3 -О 
r i ( f ) 
is a split exact sequence. Dividing out squares immediately gives the desired result. 
0 
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From this lemma follows that 
(3.2.ІІІ) 2K} (Of) η К} (F)2 = { {-1, α} J Δ+ η NE/F (E*)}. 
Define the map φ+·. Н£ —• C£+ (θρ[%])/2 in a similar way as we defined φ. Again 
we have a proposition concerning y>+. 
3.2.8 Proposit ion. The map р + : Я £ —• C£+ (Of[i])/2 is α well defined group 
homomorphism and 
2K+ (OF) Π K+ (CF)2 = { {-Ι,α} \ 5 G t e r ^ * ) }. 
PROOF : Copy the proof of proposition (3.2.5). Notice that if we take {—Ι,α} = ζ2, 
we may assume ξ G К} (F) by (3.2.ІІІ). From (ξ • η~1)2 = 1 directly follows that 
there exists an element 6 G F+ with ζ · »j- 1 = {—1,6]. Proceeding as in the proof 
of (3.2.5) we then have [a]+ [b]"1 is a square in (Χ+ (OF[\])- This proves the fact 
that ip+ is well defined. 
Without problems one shows that if {-Ι,α} G 2 ^ (OF) П К} (Of) 2 , then 
φ+ (Q) = 1. Let φ+ (α) = 1. We now find α = tb2(β) with β G F+, from which 
follows {-1,/?} G 2 * 2 + ( F ) . Q 
Define Я£ := ker(^+), and define the map r+: R+ -*
 2К% [Op) П К% (Of) 2 by 
r
+
 (a) := { — 1, a}. By the previous proposition r + is surjective. We obtain a similar 
result for the 4-rank of K2 (Of): 
rk4 {K} (Of)) = rk2 (Д+) - гкг (ker ( P + ) ) . 
Now we prove the "+"-variant of lemma (3.2.6): 
3.2.9 Lemma. jfcer(r+) = ker(g+). 
PROOF : Without problem we have ker(r+) С ker(p+). Now let a G ker(<7+). 
Then α G F + , and from {—Ι,α} = 1 follows δ G HF, which implies3 G # f · The 
fact that a G кег(г+) then directly follows from φ+ (3) = 1 and {—1, a} = 1. • 
This gives us the following 4-rank formula: 
rk4 {K+ (Of)) = rk2 (Д+) - rk2 (ker (<,+)) . 
We now are ready to compare 4-ranks tame kernels and "-Ι-''-tame kernels. For this 
purpose we introduce the number t?f := гкг (-ßf ) — гкг ( ß f ). We also extend the 
definition of the number δ (F) to arbitrary number fields by 
δ (F) := rk2 (C£+ (Of [i])) - rk2 (a (Of [I])). 
Observe that 6 (F) = 0 for totally imaginary number fields F, and that 
0 < 6(F) < ri (F) — 1 for any number field F with real embeddings. The main 
result of this section is the following theorem. 
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3.2.10 Theorem. For all number fields F we have the 4-rank formula 
Γ*4 (K2 (OF)) = гІ4 (K+ ( O F ) ) + V F - VF, 
where φρ — ^F satisfies the following inequality 
ΰ<φ
Ρ
-ϋ
Γ
<6(Ρ). 
PROOF : The formula for the 4-rank of K2 (OF) is obvious. For the computation 
of the bounds of т — ^F we consider the exact sequences 
0 • Я+ »H+^C£+ (OF[1])/2 • coker(<fi*) 0 
and 
0 • RF * Η F — Cí(0F[ i ]) /2 • colter (φ) 0. 
From lemma (3.2.4) we obtain гкг (Hf.) — гкз ( # F ) = V F · From the fact that all 
groups from above exact sequences are elementary abelian, we readily calculate 
«V - V F + ¿ (F) = rkj (cobr(v>+)) - гк2 (cofor(y>)). 
The right-hand side of this equation is a non-negative number less or equal than 
¿(F) . This completes the proof of the theorem. • 
This 4-rank formula is not very satisfactory, unless we are able to compute the 
number VF — ΰρ· So far we can only achieve a nice result if ¿ (F) = 0. This is 
the case for example if F is totally imaginary, but then Ki (Op) = K} (OF) for 
obvious reetsons. If we restrict ourselves to totally real number fields however, we 
can achieve a stronger result, as the following section shows. 
3.3 Totally real and quadratic number fields 
In this section we will derive a 4-rank formula for the tame kernel for totally real 
number fields. As a direct result we are able to give a 4-rank formula for the 
tame kernel of quadratic number fields. 
The first part of this section is dedicated to totally real number fields. We fix the 
same notations as in the previous section, and we assume that F is a totally real 
number field. We claim 
(З.З.і) соЛсег( ?) = coker(tp+). 
A consequence of the fact that F is totally real is the following property: 
NE/F(E*)CF+. 
Homomorphisms that play an important role are the maps 
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i:ce(oF[i\)^a(oE[ï\) 
and 
І*:<Х*(Оги])^Се(Ов[$]) 
both induced by inclusion, and the norm map 
NE/F:ce(oE[i])-+ce+(oF[i]). 
For totally real number fields the extension E: F is a so called CM-extension (the 
topic of CM-extension will be handled in the following section). Therefore the 
following property holds: the map 
NE,F:a(0E[$)^C?-(0F[$) 
induced by the norm map is surjective. For a proof see Washington [25], Ch. 10. 
As in the previous section we follow the approach of Conner and Hurretbrink [9], 
presenting ordinary and their "-(-''-variants. We will adopt the notations of Conner 
and Hurrelbrink as much as possible. Before we continue with the proof of (3.3.i), 
we have to make some preparations. First we define the group A(F) by 
A(F) := 2Cobr(i). 
Observe that colter(t) = coicer(»+), so there is no need for a definition of A+(F). 
Now we define maps \:HF —• A(F) and А + : # £ —» A(F). Notice that the 
notation λ+ has already been used for denoting the sign map on Ä2 {F), but this 
should not cause any confusion. Both maps λ and A+are defined in the same way, 
so we will only give the definition of A. 
We start with selecting a prime φ of E for each non-dyadic prime ρ of F with 
φ lying over p. Let 3 G Я ^ , and let β e E' such that NE/F(0) = a. By 
using or 6 Δ/- we see 
v<f>(ß/ß) = νφ(β)-υ
ν
(β)=ν
ν
(ββ)-2νφ(β) = 
= v
v
 (a) -2vv(ß) = vp (a) = 0 (mod 2). 
Therefore we can define the map A by 
λ(α):= fj <pW(/í//») 
Φ 
€ coícer(t). 
Indeed 
λ(α)2 =[(/?//?)]=! 
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which proves that im (λ) С A(F). We have not yet established the fact that λ is 
well defined. First we show that the definition of λ is independent of the specific 
choice of the prime ψ lying over p. We have the following equation 
щЫ'/Я
 =
 φ-*·»("/?) = 
= («рф)-з»»И?)«рі,'»(^) = 
= (рОЕуіМ ^уіМР/ё), 
hence 
щ Ы « ' ) ! = [φW(/»/?)] (mod im (.)). 
Now we show that the definition of λ is independent of the choice of the elements 
α and β. Assume 37 = 02 G Hp, and βι,βι 6 E* such that Ns/rißk) = <** 
(Jfe = 1,2). From Щ = Щ follows that there exists an element χ € F* such that 
»2 
Then 
NB,F ( 4 ) = - ? - = 1. 
' \хД2/ x2a2 
hence there exists an element η £ E* such that 
Αι ,-
xßi 
From the calculation 
^ • 1 ( 1 ) = - л < · ^ - - ^ A/Ä 
follows that 
5«чі (/Ί/Ä) - ^«Ф (A/A) = «Φ (ч/ч), 
so the difference between both definitions is a principal ideal in E. This completes 
the proof of the fact that λ is well defined. 
The map λ+ is defined as the composition of λ and the canonical projection 
Η ρ —* Hf, in other words we make the triangle 
Я+ — A(F) \ л 
HF 
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commutative. Observe that NE/F(E*) С F+t hence 
λ
+(5)= Π φ * " · ^ ) 
for all a G Я ^ and β £ E* with NE/JÌ· (^) = or. An important property of λ and 
λ
+
 is expressed by the following lemma. 
3.3.1 Lemma. The maps λ: Η F —» A(F) an¿ λ + : Я £ —• A(F) ere surjective. 
PROOF : It is sufficient to show that λ+ is surjective. Let [Ql] 6 A(F). Then we 
can write 
2l2 = <t(ß)aOE 
where С is a dyadic fractional ideal of E, where β G E*, and where α is a fractional 
ideal of F. Define 
α := NE/F (β). 
First we show that о G Я ^ , then we show that λ + (с?) = |Щ. 
Let ρ be a non-dyadic prime of F that is inert in E, and assume that φ is lying 
over p. Then 
υρ (α) = 2v
v
 {β) = 0 (mod 2). 
Now let p be a non-dyadic prime of F that splits in E, and assume that φ and ф 
are lying over p. Then 
υ
ρ
(α) = ν
ψ
(β) + υ
ψ
(β) = 
= 2t)qj(Ql) + 2 i ^ ( a ) - t > i p ( û O E ) - t ^ ( a O £ ; ) = 
= -2t)p(o) = 0 (mod 2). 
This proves that or G A f η ΝΈ/F (Ε*)· In the previous section we saw that 
Α? Π NE/F (E') = Δ + η NE/F (E'), 
so we may even assume that Q G Hp. The one thing now left to show is A+ ( Q ) = 
¡И]. In order to accomplish this observe that 
\v
v
 (β/β) = ν
φ
 (Щ*)-1) = і^(я) - *с(а). 
Let р be a non-dyadic prime of F that is inert in E, and assume that ф is lying 
over p. Then ф = pOE, and consequently 
'φ·»<*)] G im (ι), 
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while 
- ι * {ßß) = 0. 
Now let p be a non-dyadic prime of F that splits in E, and assume that both φ 
and φ are lying over p. Moreover assume that we have selected ф . Then 
The conclusion is that the quotient of 21 and [J φτ^'Ι^/' 5 ) can be written as ЬОЕ 
for some fractional ideal Ь of F. This completes the proof of the lemma. 
α 
In order to establish a relation between the maps λ and φ: Η ρ —* Ci [Of [|])/2, 
respectively between λ+ and φ+·.Ηρ —• Ci+ (θρ[^])/2, we define the maps 
n : A ( F ) - a ( 0 F [ i ] ) / 2 
and 
both induced by the norm map. The major result from which everything follows 
is this proposition: 
3.3.2 Proposit ion. The inangles 
HF — Ct{0F[\\)l2 
A(F) 
and 
Ht ~ aHpF[\\)i2 
\{F) 
are commutative. 
Before we prove the proposition we will derive some useful lemmas. 
3.3.3 Lemma. Let 5 € Hp, and let β e E' such that NE/F (β) = a. Then 
ηλ (α) = Π ρ^' ί")*"»^) 
.ρ/2 
where ф ts a prime of E lying over p. 
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PROOF : We have to prove 
5 Λ * {ß ß) = \^ (β) + « Φ (0) (mod 2) for all р/г, 
where ƒ = ƒ£ ' i s the residue class degree of p in £ . If ρ is inert in E, then 
«φ (ß/J) = 0, and 
І«р (α) = i t * (α) = І „ (¿83) = І • 2V!p (/?), 
hence 
-v
v
 (о) + υφ (β) = 2ν
ν
 (β) = 0 (mod 2). 
If ρ splits in Ε, then ƒ = 1 and 
i i * (/У?) = ІМ/?)-І«ЧІОЗ) = 
= f?. (/?) - і»ч« (Л - ^"Ф (3) = «"Ρ (ß) - ΫΡ («) Ξ 
= j " » ^ " · " 1 * ^ ( m o d 2 ) · 
D 
Without problems we verify that lemma (3.3.3) also holds for о € Hp, in other 
words: 
3.3.4 Lemma. Leto e Hp, and let β e E* such thai NE/f· (β) = a. Then 
η
+
λ
+ ( α ) = 
Ρ/2 
•> + 
where φ t* α prime of E lying over p. 
Another lemma that we will use when proving proposition (3.3.2) is: 
3.3.5 Lemma. Let α Ε Δρ and let b e F* such that 
a = 62 + l, 
then 
τ-ρ ({*."}) = (-l)i , ' '( e)+*»(»+0 
for all non-dyadic primes ρ of F and φ |ρ. 
D 
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PROOF : Define β = 6 + t G E*. We distinguish three cases, depending on the 
value of Vp (a). 
1) Suppose v
v
 (a) > 0. Then v
v
 (62 + l) > 0, so υ
ν
 (ό) = 0. Therefore 
rp({6,a}) = 6 , ' ' ( o ) = ( 6 2 ) W < 0 . 
But 62 = a - 1 = - 1 (mod p), so 
rp({6)a}) = ( - l ) W » ) . 
We will show that v
v
 (β) = 0 (mod 2). Observe that v
v
 (β) > 0 and v
v
 (β) > 0 
but νφ (β + J) = v
v
 (26) = 0, hence υφ (β) = 0 or νφ (β) = 0. If v
v
 (β) - 0 we 
are ready, and if νφ Cß) = 0 then 
νφ (β) = νφ (ββ) = ν9 (α) = 0 (mod 2). 
2) Suppose Vp (α) = 0, then υρ (6) > 0. If Dp (6) = 0 then rp ({6, a}) = 1 = 
( _ l ) W a ) , and if Vp(6) > 0 then Γρ({6,α}) = а""»^). But then 
a = b2 + 1 = 1 (mod p), 
hence 
rp({61a}) = l = ( - l ) W « ) . 
We will prove that νφ(β) - v^(ß) = 0. Since vv (6) > 0, both νφ(β) > 0 and 
vv(ß)>0 hold. But 
νφ (β) + νφ(β)= νφ (ββ) = ν, (α) = 0, 
so in fact υφ (β) = 0 and νφ (β) = 0. 
3) Suppose υ
ρ
 (а) < 0. Then v
v
 (6) < 0, and 
— - — 
б
2 -
 6 2 
where Dp ( p ) > 0 and consequently Dp ( ^ ) > 0. Observe that Ä 6 Af, and 
according to what we just have proved we can say 
T P ({^}) = ( - 1 ) M " ) + , " U + Ì ) · 
Also 
{!'£} = M " 1 {6'6}2 = { 6 ' а Г І t-l.b}2 Ь М } 2 = {6, α}"1 , 
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and 
5 e » ( p ) + W ' ( Î + i ) = \ (а)- >(Ь) + (1 + Ы)- (Ъ) = 
= ¿ » Р И + ^ С Ь + О ^ 
= ñvv (α) + νφ (^ + 0 (mod 2). 
D 
Now we are ready to prove proposition (3.3.2). 
PROOF OF PROPOSITION (3.3.2): Let ö G Hp, and let β e E* with NE/F (ß) = <*· 
Write ß = x + iy with x,ye F'. Then 
a _ -NE/F (/?) 
• ( ; ) ' + 1. 
Moreover 
where ξ = < -, -% >. Let ρ be a non-dyadic prime of F, and let ip be a prime of E 
lying over p. According to the previous lemma we have 
rp(0 = (_i)M*)+«.(î+0 = 
= (_l)è , ;p(a')-t'»(v)+ ,'i>(x+ ,'i')-t ,»(v)
 = 
= (_i)i«'p(«)+ t ,v(/') i 
hence 
<p(a) = = ηλ (α) 
according to lemma (3.3.3). 
In order to prove y>+ (a) = n+A+ (ä) it is sufficient to notice that ξ e Λ'^ " (F) 
whenever a G F+, and then refer to lemma (3.3.4). • 
Since both λ and λ+ are surjective, proposition (3.3.2) immediately implies 
coJcer(v>) = coter (η) 
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and 
colter(y>+) = colrer(n+). 
The main object now is to show that colcer(n) = colcer(n+). For this purpose we 
tackle a few diagrams. Consider the commutative triangle 
а(Ог[$]) — се (Ог[$) 
<x(oB[ï\) 
Part of the kernel-cokernel exact sequence yielded by this diagram looks like 
ker (NB/F) Ä(F) — a (OF[\])/2 0 
where Ä(F) := coier (¿). The map η then is the restriction of TV to 2Â(F) = A(F)) 
which we can express in a commutative triangle 
A(F) JU a{0F[\])l2 
c \ /N 
МП 
This diagram on its turn yields the following kernel-cokernel exact sequence 
с 
0 kei (η) «- ker (TV) » A ( F ) / A ( F ) coJcer(n) • 0 
Now observe t h a t 
кег(т») = 2ker(TV). 
T h i s implies 
rk2(ker(n)) = rk2(ker(TV))) 
from which we readily conclude 
(З.З.ІІ) гкг (coter (η)) = гкг ( Ä ( F ) / A ( F ) ) · 
Now we repeat the process that we performed above with narrow) ideal class groups, 
that is we start with the commutative triangle 
tf+(<Mi]) — се+(Ог[$) 
i+\ /NE/F 
ce(oE[i]) 
in order to obtain a sequence 
N+ 
-ker (NE/F) A(F) a* (OF[1])/2 0 
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Notice that coJcer(i+) = colter(i) = A(.F)! We continue with 
A(F) ~ Cf* (OF[^)/2 
c \ /N+ 
Ä(F) 
which yields the kernel-cokernel exact sequence 
0 ker(n+) • кег(ЛГ+) ^ Ä ( F ) / A ( F ) •· cobr(n+) • О 
Agían we notice that ker(n+) = 2ker(7V+)) so we have 
rk2 (coker(n+)) = rk2 ( A ( F ) / A ( F ) ) , 
which yields, together with (3.3.ii) 
гкг (colcer(n)) = гкг (coírer ( n + ) ) . 
Since both cofcer(n) and coker(n+) are elementary abelian, we have proved our 
claim (3.3.i). As a consequence we now are able to rephrase the comparison theo-
rem (3.2.10) as follows: 
3.3.6 Theorem. For all totally real number fields F we have the 4-rank formula 
ткл (К, (0F)) = r*4 (К? (OF)) + δ (F), 
where 
δ (F) = гк2 (C£+ (OF[Í})) - гк2 (a(oF[í])). 
D 
From this comparison theorem we can derive some interesting applications. One 
of them is this corollary. In this corollary A+ is the sign map on K2 (F) as defined 
in section 1.2. 
3.3.7 Corollary. Let F be a totally real number field, then the sequence 
0 »K}(OF)/4 • / f 2 ( O p ) / 4 — φ /І2 •О 
is short exact. 
PROOF : Dividing out fourth powers from the short exact sequence 
λ+ 
0 K+ (OF) Кг (OF) • φ ß2 0 
ri(F) 
gives an exact sequence 
TOTALLY REAL AND QUADRATIC NUMBER FIELDS 79 
л+ 
K}(OF)/4 ~K2(OF)/4. φ /i2 * 0 
The proof of the corollary is readily established by observing that 
rk2 (K2 (Of)) - rk2 (Kf (OF)) = η (F) -6(F), 
and 
rk4 (K2 (OF)) - rk4 (K+ (OF)) =6(F), 
which yields 
\Κ}{Ο
Ρ
)/4\ 
D 
Assume that Kf (Of) and K? (Of) have group structure as follows: 
K+(Of)/4 α μα
Λ
ΦμΙ 
K2(OF)/4 Si μίθμΐ 
As a result of the comparison theorems for 2-rank and 4-rank we obtain 
2c +d = 2a + b + ri(F) 
c+d = a + b + ri(F)-6(F), 
from which we conclude 
c = a + 6(F) 
and consequently 
d=b + ri(F)-26(F). 
This can be resumed as follows: 
3.3.8 Corollary. For every totally real number field F the sign map yields an 
isomorphism 
K2 (Of)/4 ~ KÎ (Of)lA φ μ6^ φ / 2 · ^ ) - 2 4 ^ ) . 
Let us apply this result to real quadratic number fields F. In that case δ (F) is 
either equal to 0 or to 1. If δ (F) = 0, then 
Κι (Of)/4 ca Kt (Of)/4 Φ ^ г Φ μ2, 
in other words, the sequence 
λ+ 
0 i- К} (Of)/4 • K2 (0F)/4 • μ2 Φ μ2 0 
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is split exact. If 6(F) = 1, then the sequence is noi split exact, and we have an 
isomorphism 
Κ2(Ορ)/4^Κ+(0
Γ
)/4ΦμΛ. 
With these result we finish our discussion of totally real number fields. Observe that 
the comparison theorem (3.3.6) obviously also holds for totally imaginary number 
fields, and consequently for all quadratic number fields. Quadratic number fields 
is the topic that we will regard now. 
As in chapter 2 we fix the following notations: d € Ζ \ {0,1} is a squarefree 
integer, then Fi = Q(>/5), Ft = (Цу/Щ and E = F^í) = ^ ί») etc. We use the 
comparison theorem together with corollary (3.1.vi) on the 4-rank of K^ (OFI)· 
The following 4-rank formula then is obtained: 
3.3.9 Theorem. Let Fi = Q(\/rf) be a quadratic number field, then 
r*4 (K2 (0Fl)) = rk, (Ο* (0Fa[\])) +6(F) + 92 (F 2 ) - 1. 
D 
This formula expresses the 4-rank of quadratic number fields in terms of the ideal 
class groups of Fj and F2, and of the decomposition behaviour of 2 in F2. 
We are able to compute the 4-rank of CÌ+ (Op) for any quadratic number field F 
with the theory of Rédeiand Reichardt [21]. This theory is a generalisation of Gauß' 
theorem on the 2-rank of narrow ideal class groups of quadratic number fields 
(see theorem( 1.3.1)). The problem that arises is how to compute the difference 
between the 4-ranks of Ce+(0F) and €£+ (0F[±]). The difference between the 
2-ranks of both ideal class groups is one of the subjects that will be discussed in 
the next section. 
Theorem (3.3.9) also provides us with a method to determine whether a tame 
kernel of a quadratic number field has elementary 2-primary component. This in 
fact is the topic of the next section. 
3.4 Tame kernels with elementary 2-primary component 
A finite abeli an group has an elementary 2-primary component if and only if 
its 4-rank is equal to zero. For quadratic number fields we are able to compute 
the 4-rank of the tame kernel, and we can therefore determine whether quadratic 
number fields have, tame kernel with elementary 2-primary component. 
We use the notations of chapter 2: if d € Ζ \ {0,1} is a squarefree integer, then 
Fi = <i(Vd), F2 = Q(V=d) and E = Fi (i) = Fait') etc. 
Whether Λ'2 (0Fl) has elementary 2-primary component depends of d and the 
ideal class groups of Fi and F2, as the following theorem shows. 
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3.4.1 Theorem. TAc tame kernel K2 ( O F , ) Aas an elementary 2-pnmary compo-
nent if and only if the following conditions are satisfied: 
(1) d£7 (mod 8), 
(n) 6(F1) = 0, 
(tti) C£+ (OFJ [5]) Aas an elementary 2-prtmary component. 
PROOF : Use theorem (3.3.9). • 
First we treat the real quadratic case d > 0. In that case F2 is imaginary quadratic, 
so we may omit the "+"-sign in the dyadic ideal class group of F2. Brauckmann 
established a similar theorem for real quadratic number fields. 
3.4.2 Theorem (Brauckmann). Let d > 1 be a squarefree integer. Then the 
tame kernel K2 ( О / _\ J Aas an elementary 2-pnmary component if and only if 
all divisors k\d are к £7 (mod 8), an<f the ideal class group CC I О /
 /—^ [i] J Aas 
an elementary 2-prtmary component. 
PROOF : See Brauckmann [6], Kap. Ill, §1, Satz 1.1. • 
The technique that Brauckmann uses origins from Kolster. The main drawback of 
this technique is that it cannot be applied to imaginary quadratic number fields. 
The path that we follow yields results for both real and imaginary quadratic num­
ber fields. At a first glance theorem (3.4.1) and Brauckmann's theorem seem quite 
different, but the following lemma shows the correspondence between both theo­
rems. The lemma tells us how to compute the number 6(Fi). 
3.4.3 Lemma. Let d > 1 be a squarefree integer, and lel F = Q[\/d) Then 
δ (F) = 0 if and only if к ^ 7 (mod 8) for all divisors k\d (we assume divisors are 
positive). 
PROOF : Suppose 6(F) = 0, then lemma (3.2.2) yields d e Λί_ι U M_2. Let 
d G M_i, then all odd prime divisors p\d are ρ = 1 (mod 4), hence all odd divisors к 
of d are к = 1 (mod 4). But then all divisors к of d must be к = 1,2,5,6 (mod 8), 
hence ib ^  7 (mod 8). 
If d G M_2, then all odd prime divisors p\d are ρ = 1,3 (mod 8). Therefore 
Jb = 1,3 (mod 8) for all odd divisors к of d, hence ib = 1,2,3,6 (mod 8) for all 
divisors k\d. Again к £7 (mod 8) for all divisors ib of d. 
Now suppose that all divisors k\d satisfy ib ^ 7 (mod 8). Then d cannot have 
prime divisors ρ = 7 (mod 8), so we can express d as follows: 
d= 2'ρι···Ρο?ι···ΐ»»·ι ...r
c 
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with t = 0,1 and Pi,qj,rt are all different prime numbers, such that p, = 1 (mod 8), 
qj = 3 (mod 8) and r* = 5 (mod 8). Now suppose 6 > 0 and с > 0. Then 
qiVi = 3 - 5 = 7 (mod 8), while qiri is a divisor of d, which contradicts the fact 
that d has no divisors congruent 7 (mod 8). This implies that either 6 = 0 or с = 0. 
If 6 = 0, then all odd prime divisors ρ of d are ρ = 1 , 5 (mod 8), hence d G M_i. 
And if с = 0, then all odd prime divisors ρ of d are ρ = 1 , 3 (mod 8), hence d 6 M_2. 
In either case we have 6 (F) = 0 by lemma (3.2.2). • 
Observe that if 6 (F) = 0, then automatically d £ 7 (mod 8). This means that we 
may drop condition (i) from theorem (3.4.1) whenever Fi is real quadratic. With 
the aid of the previous lemma it now is easy to see that Brauckmann's theorem 
is equivalent with the real quadratic variant of theorem (3.4.1). For imaginary 
quadratic number fields theorem (3.4.1) yields the following result. 
3.4.4 Theorem. Lei d < 0 be a squarefree ¡nieger. Then Κ? I О / _\ J has an 
clemeniary 2-primary component if and only ifd£7 (mod 8), and the ideal class 
group Cf+ I O/ ___\[i] I has an elementary 2-primary component. 
PROOF : Apply theorem (3.2.10) and observe that δ ÍQ(\/5)) = 0, since d < 0. 
D 
Also notice that in this case the "+"-sign in the ideal class group is mandatory. 
The rest of this section is dedicated to the description of the algorithm that deter-
mines imaginary quadratic number fields with tame kernel, that have elementary 
2-primary component. As a result we obtain a list of such number fields for small 
values of |cJ|. This list is contained in the appendix as table 1. 
The main problem that now arises is to detect whether C£+ ( Of ^_,\Ш J has 
an elementary 2-primary component. We will use the following method: a finite 
abelian group A has an elementary 2-primary component if and only if 
\(A)2\ = 2 г к>( д). 
This means that we have to compute the 2-rank and the order of C£+ (θ/·[ | ]) . We 
determine these values by comparing them to the 2-rank and order of Cft (Op), 
and by computing the difference between the 2-rank and order of Ci+ (ο/·[ί]), and 
the 2-rank and order of Ce+(0F). 
We start with studying the difference between the 2-ranks. As usual, let Fi = 
= Q(Va), F2 = Q(v'—d) etc. Then we have an exact sequence 
0 — - c+ (F2) — • a+ (oF,) — • ce+ (ОрШ • 0 
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where C} (F-¿) is the cyclic subgroup of C£+ (Of,) generated by the narrow class 
[D]+, with 5 a dyadic prime of F2. We are interested in the case d ^ 7 (mod 8). In 
that case 2 does not split in F2, hence Cf (F2) has order 1 or 2. If Cf (F2) = 0, 
then C£+ (ОраШ) bas an elementary 2-primary component if and only if C£+ (Ор3) 
has an elementary 2-primary component. But if I C ^ F j ) ] = 2, things are more 
complicated. 
First of all we must be able to detect whether ¡C^ (^b)) = 1 or 2. We return to 
the general situation F = Q(vd), where d G Ζ \ {0,1} with d squarefree. Assume 
d ^ 1 (mod 8). We study the extension F: Q. If d = 5 (mod 8), then 2 is inert, 
and the dyadic prime D of F of F is equal to (2), hence [D]+ = 1. Consequently 
C}(F)\ = 1. If d = 2,3,6,7 (mod 8), then 2 ramifies, hence 02 = (2). Then 
c2 (F^)\ = 1 or 2, and \C} (F2)\ = 1 if and only if ί is a principal ideal in Op. 
The following proposition enables us to determine the order of C} (F): 
3.4.5 Proposit ion. Suppose d ^ 1 (mod 4). TAcn the followmg condtUons are 
equivalent: 
(*) 3 a e F + n O F [ ö = (a)], 
(и) d=2 ord= -2 or (d>2 and Ν (ε) = +1 and y/ïê G F+), 
where N = Np/Q, and ε ts the fundamental und of F (tn case d > 0). 
PROOF : (i) ^ (tt) : Suppose X) = (a) with a G OF П F+. Compute norms: 
N(a) = 2. 
Since d ^ 1 (mod 4), the ring of integers Of of F is equal to Ζ[Λ/5] , hence there 
are x, y G Ζ with α = χ + yy/d. Consequently 
ι
2
 - dy2 = 2. 
If d < 0, then x 2 - dj/2 = x2 + \d\ y2 = 2 if an only if |d| = 2, χ = 0 and |y| = 1 
This means that if d < 0, then d = —2. 
Now suppose d > 0, and let ε be the fundamental unit of F. Observe that 
(2) = b2 = (a) 2 . Then there exist k, m G Ζ, such that 
а
2
 = 2 ( - 1 ) * е т . 
Since а 2 > 0, we conclude that ifc is even. The number m can be either odd or 
even. If m is even, then 
2 = ( α ε - ' " / 2 ) 2 , 
which implies y/2 G F, hence d = 2. 
If m is odd, then we write m = 1 + 2mo, and then 
(3.4.І) 2ε = ( а г - т ° ) 2 , 
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which directly implies >/2c £ F. Notice that from equation (3.4.І) follows that 
Ν (ε) = + 1 , hence 
V2e=ae-mo G F+. 
(«) => (i) : If d = - 2 , then Ö = (л/2) (notice that F+ = F\ since d < 0). If 
d = 2, then 5 = (2 + >/2)· Now assume d > 2. Suppose there exists a G F+ with 
a
2
 = 2e. Compute valuations of a: 
2*» (a) = vt (a 2 ) = vt (2) = е ^ Ч (δ) = 2, 
hence vj (a) = 1. Moreover v
v
 (a) = 0 for all non-dyadic primes ρ of F. From this 
follows (a) = D. Of course a 6 OF, hence a 6 Of П F+. • 
The conditions of this proposition are related to the so called Hasse index of 
the CM-extension F(i):F. A quadratic extension of fields E: F is called a CM-
extension if E is totally imaginary, and F is totally real (CM stands for Complex 
Multiplication). It is a Galois extension with Galois group (r) generated by r, 
which has order 2, and is induced by complex conjugation. The field F is the 
maximal real subfield of E, which often is denoted by E+. Since we already used 
this notation for the subgroup of all totally real elements of E' (which is quite a 
different object!), we will avoid this notation. Let E: F be a CM-extension. Then 
we define the Hasse index Q of E: F by 
Q:=[OE':»(E)OF·}. 
We define the map φ: OE* —* μ (E) by 
φ(α):=αι-τ =α/αεμ(Ε). 
We then construct a map^: OE* —* β {E)/2 by composing φ with the canonical map 
π: μ(Ε)-> μ (£)/2· The kernel of φ is μ (E) OF'- This means that Οβ'/μ (E) 0F* 
is isomorphic with a subgroup of μ(Ε)/2 α μ?, hence Q = \θΕ*/μ(Ε)Ορ*\ = 1 
or 2. 
Let F = Q(vd) be a real quadratic number field with d > 0 squarefree and let 
E := F(i), then E: F clearly is a CM-extension. The ring of integers OF of F is 
equal to Ζ [ω], where 
Í v/5 if d = 2,3 (mod 4), 
± ^ ? if d = 1 (mod 4). 
Let ε be the fundamental unit of F. Write ε = a + bw with a, b G Z. Then we have 
the following proposition: 
3.4.6 Proposit ion. Ifd>5, then the following conditions art equivalent: 
0) Q = 2, 
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(n) Vïï e oF) 
(m) d = 2,3 (mod 4), Ν (ε) = +1 and a— 1 or a + 1 is о square in Z, 
(iv) the prtme number 2 ramifies m F, and the dyadic prime Ό of F is a 
principal ideal. 
PROOF : The field E is totally imaginary, and its degree over Q is 4. From 
Dirichlet's unit theorem follows that rk (OE*) = 1. Let ει be the fundamental unit 
of E. Since we assumed d > 5, the group of fundamental units of E has order 4 
(if d = 2, then μ(Ε) = (ζ8), and if d = 3, then μ(Ε) = (Cn))· ^TSt w e prove the 
equivalence 
(3.4.ІІ) Q = 2 <=* el = ie. 
Observe that ε € OE', hence e = im€i for some тп,к G Ζ. Notice that к φ О, 
since ε 0 ß(F). Furthermore ΝΕ/ρ(ει) = ε ι ε ι = |ει | 6 Of·*, therefore there are 
η, / G Ζ such that 
ε ^ ! = (-1)"ε'. 
Again / φ 0, otherwise ε would be a root of unity. Since |ει | > 1 and ε > 1 by 
definition, we have / > 0. Moreover η is even, since ε > 0. Now we compute kl: 
ει = ε ε! = ε ε1
 =
 [} ε\) ε\ = 
_ --ml-kl-l _ --тІЛІ-І _ 
- ι ε! - ι ε! -
_ ¿ -m/ j -ml jJ t f - l* ' - 1 _
 г
.(1Ы-2)тІ
е
(**-1)' 
hence 
¿к1-2)т1
е
(Ч-1)'-1 _
 l 
Then (kl — I ) 2 — 1 = 0 which boils down to kl = 0 or 2. But we already saw that 
kl φ 0, hence kl = 2. Since / > 0, we now have two possibilities: either к = 1 and 
/ = 2, or ifc = 2 and / = 1. If it = 1, then ε = »'тгі, hence εχ = | - m e 6 μ{Ε)0
Γ
*. 
But then OE* = μ{Ε)0
Ρ
', hence Q = 1. 
If λ = 2, then ει ^ μ (E) Op*, otherwise ε = |ει | would be the square of a unit 
in O F * , which contradicts the fact that ε is the fundamental unit of Op*• This 
means that Q = 2, and ε = imc\. The number m is odd, and we may choose ει in 
such a way that ε\ = ¿ε. This proves equation (3.4.ІІ). Now notice that 
«=(!±^) !, 
and equation (3.4.ІІ) then yields 
Q = 2 <=> ε? = ie 
^ el = ±1-±ÌV2-e. 
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Now we are ready to prove the proposition. We begin with proving that condi-
tion (i) and (ii) are equivalent: 
(j) => (¿i) : Let Q = 2. Then уДе = ±^¡ e E. Also уДё € R, hence 
y/2e e Q(\/5) = F. Now (V2e)2 = 2ε € 0F, hence уДё G 0F. 
(ii) => (i) : If \/2ε € О/·, then α := ^y/2ê G £J. The square of о is a unit in E: 
α
2
 = ίε€μ(Ε)θΓ· С OB*. 
Then α G OE*· But α £ μ(Ε)Ορ*: suppose a = (—1)'εΓ for some integers 
s and г, then ε2 Γ = Q 2 = ie, which yields the contradiction 2r — 1 = 0. The 
conclusion is that if \/2ε G Op, then Q = 2. Now we will prove that conditions (ii) 
and (iii) are equivalent. 
(ii) =^ (iii) : Suppose a := y/2e G O F = Ζ [ω]. We compute the norm of a: 
0<N (a ) 2 = ЛГ (2ε) = 47V (ε). 
We see that Ν (ε) = + 1 , and N (a) - ±2. We define t := ί,Ν (a) = ± 1 , which 
is the sign of N (a). Notice that from the fact that α is an algebraic integer, and 
from Ν (ε) = +1 follows, that t is uniquely determined. Write α = χ + уш, with 
г, y G Ζ. We prove that d ^ 1 (mod 4). 
Suppose d = 1 (mod 4). Define 6 := ^ - G Ζ. Then Ν (ε) = о2 + αό - 6b2 = 1, 
and Ν (α) = χ 2 + zj/ — 6y2 = ±2. From the equation or2 = 2ε follows 
a
2
 = x
2
 + ¿j/2 + (2x + у)уш = 2ε = 2a + 26ω, 
then 
x
2
 + бу2 = 2a 
(2x + y)y = 26, 
and this implies 
( x 2 = Sy2 (mod 2) 
у
2
 = 0 (mod 2). 
We conclude that χ and у are even. But then 2|x + yw. Now we take norms: 
4 = N (2) |ΛΓ (α) = ±2, the contradiction implies that d £ 1 (mod 4). 
From d $ 1 (mod 4) follows Ν (ε) = α2 - db2 = 1 and χ 2 - dy2 = Ν (α) = 2< 
with f = ± 1 . With α 2 = 2e we have 
x
2
 + dy2 + 2xyy/d = 2a + 2Ь\Д, 
then 
Í x 2 + dy2 = 2a 2xy = 26. 
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Notice that χ φ 0, otherwise a = dy2, which is impossible unless d = ±2. Now 
from the calculation 
x
2
 + dy2 = 2a 
x
2
-dy2 2t 
2х* = 2a + 2t 
we see that a ± l = a + t = x 2 G Z 2, which proves the assertion. Notice that t is 
the sign of TV (a). If we require a G Р+, then we must have a + 1 G Ζ 2 . Moreover 
y2 = i jp, and from this we deduce 
уДе = y/a-1 + Va + l. 
(ili) =» (¿i) : Suppose ω = л/З. Suppose TV (ε) = a 2 — d62 = +1 and о + 1 = x 2 
with t = ± 1 , x G Z. First we show that χ|ό. Use TV (ε) = 1: 
db2 = a2 - 1 = (α - 1)(α + 1) = (α - t)(a + t) = (α - t)x 2 . 
From the fact that d is squarefree we conclude that d\a — t, hence x|6. 
Define y := - G Ζ, then α := χ + j/\/5 G CV = Z[\/3]. Next we will prove that 
a
2
 = 2e. Notice that ^ = | ^ = y2, hence 
a
2
 = x
2
 + dy2 + 2xyVd = 
= (a + t) + (a-t)+2x· -Vd = 
χ 
- 2a + 2b\/d = 2ε. 
This proves the assertion. Observe that t = %N (a) = sign (TV (a)), since 
N(a) = x2-dy2=a + t - d ( ^ \ =2t. 
The equivalence of conditions (і),(и) and (iti) with condition (ίυ) now is obvious: 
observe that 2 ramifies in F if and only if d = 2,3 (mod 4), and that the dyadic 
prime Ό of F is a. principal ideal if and only if there exists α G Of with Э = (a), 
which is the case if and only if y/2e G Op. [] 
We state the following proposition without proof, since it runs in a similar way as 
the previous proposition (compare previous proposition with proposition (3.4.5)). 
3.4.7 Proposition. If d > 5 then the followtng conditions are equivalent: 
(x) y 2 ? G C ? F n F + , 
(tx) d = 2,3 (mod 4), TV (e) = -fl and a + 1 is о square m 2, 
(xxx) the prxme number 2 ramifies xn F, and the dyadxc prime Ь of F xs a 
principal ideal generated by a total positive element a G F+. [] 
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For the sake of completeness we mention the cases d = 2 and 3. If d = 2, then 
F = Q(>/2) and E = Q(»,\/2) = Q(CS). and Я : / 1 is a CM-extension with Hasse 
index Q = 1, since 8 is a prime power (use corollary (4.13) from Washington [25]). 
If d = 3, then E = Q(¿, y/3) = Q(Ci2)> a n d 12 is not a prime power. The Hasse 
index of E: F then is 2. The fundamental unit of OE = ^[Сіг] ie 1 + C12· ^ e n o w 
summarize the final result on the order of Cj" (F). 
3.4.8 Proposition. Let F = Q(V5) be a quadratic number field. Ifd> 0, write 
c = a + bw> with notations as usual. Then \Cf (F)\ = 1 or 2, and \c£ (F)\ = 1 if 
and only if one of the four following conditions hold: 
(i) d = 2, 
(H) d=-2, 
(Hi) d = 5 (mod 8), 
(iv) d> 2 andd£ 1 (mod 4) and 7VF/Q (ε) = + 1 and a + 1 G Z 2 . Q 
For the difference between the 2-ranks of Ci* (0F) and 0 + (ОН^]) w e already 
obtained a result: 
rk2 (a+ (OF)) - rk2 (Cf+ (oF[i})) = 6* (F) 
with 
( 0 if d = 5 (mod8) or dG M2, 
1 in all other cases. 
See (3.1.iv). Now we are ready to compute the 2-rank and the order of Ci+ (Ор[^]), 
by computing the 2-rank and the order of Ci* (0F). The 2-rank of Ci* (OF) can 
be determined with Gauß' theorem (see page 12). The order of C£+ (Op) can be 
computed by determining the narrow ideal class group itself, which can be done 
with either a continued fraction algorithm (in case F is real quadratic), or with a 
reduction algorithm (in case F is imaginary quadratic). These computations are 
classical, and we will not enter the details of these computations. For the real 
quadratic case, see for example Zagier [26]. 
Previous results are used in a computer program, that computes the 2-rank of 
the tame kernel of imaginary quadratic number fields. The program also determines 
whether this tame kernel has an elementary 2-primary component. The results are 
presented in table 1, which is contained in the appendix. This table contains 
columns marked d and r. The integer d is squarefree and negative. If F\ = 
= Q(\/d), then r = rkj (K2 (Op,)). If the tame kernel of F\ has elementary 2-
primary component, then the corresponding entry is marked with an asterisk "*". 
Finally, we present some examples computed by hand, just to have an idea how 
things work. The class number of a quadratic number field Q(\/d) is denoted by 
/id. The norm N is NFI/Q-
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3.4.9 Examples. 
(i) d = - 5 : then Fi = Q(y/=b), F2 = QiVs) and /»5 = 1, hence &+ (Op,) 
has an elementary 2-primary component; the tame kernel K2 (Cf,) has 
an elementary 2-primary component (which is obvious, since {K? (Of,)! 
is odd, see theorem (1.3.7)), 
00 d= - 7 : i n t h i s c a s e Ν(ε) = +1, a+l e Ζ, and Ce(0Fj) = {1}; this 
implies \C£+(OF3)\ = 1 or 2, hence this narrow ideal class group has 
an elementary 2-primary component; then also K2 (Of, ) has an elemen­
tary 2-primary component; its 2-ran к is equal to 1, which follows from 
theorem (1.3.6); actually, ^ (Of-JI = 2, see Tate [23], 
(iii) d=-lO: now Ν (ε) = - 1 , -10 g M2, and \a+(0Fì)\ = \Ce(0F:,)\ = 
2, hence СІ+(Ор3), and consequently /(^(CV,) has an elementary 2-
primary component (this is also obvious, since \K2{OF,)\ is odd, see 
again theorem (1.3.7)), 
(iv) d- -82: here JV (ε) = - 1 with e = 9 + у/И, tí = -82 G M2 (41 is the 
unique odd prime divisor of 82), and C£+ (0F3) = C£(Of,) (since Ν (ε) = 
— 1); we now have Лег = 4, and [ö] is a square; then C£(0F3) is cyclic 
of order 2, hence has an elementary 2-primary component; consequently 
K2 (Of,) has an elementary 2-primary component; its 2-rank is equal 
to 1. 

CHAPTER 4 
THE BLOCH GROUP 
4 The Bloch group 
In 1826 N.H.Abel [1] proved the following equation involving the Dilogarithm 
function Lij: 
«
 Li2
 (тЬ A) -Li2 (îb) -Li2 (rb)+Li2 (x)+Li2 ω = 
= - l o g ( l - x ) l o g ( l - y ) . 
Although the five terms at the left hand side of the equation seem rather asym­
metrical, we can reformulate equation (i) in the following form: define a := 1 — x, 
b := -r^ and с := j ^ - , then the following equation holds: 
(ii) Liz (a) - Li2 (αό) + Lb (6) - LÌ2 (6c) + Lb (c) = — - log (a) log (c). 
о 
Note that the elements a, 6 and с satisfy the equation 
(iii) 1 — a — c + abc= 0. 
There is a remarkable similarity between equation (ii) and certain relations that 
exist in the so called Bloch group. Moreover, the elements a, 6 and с that satisfy 
property (iii) also occur in a certain presentation of K? of local domains. This 
presentation is due to F. Keune. We wil discuss this presentation in the first 
section. 
It seems obvious that there exists some relation between Abel five term expres­
sions in the sense of (i), and Keune's presentation of /^-groups of local domains. 
Such a relation indeed does exist, this subject will be covered in section 4. The 
Bloch group will appear to play an important role during the discussion of this 
relationship. 
Another place where the Bloch group occurs is in the computation of the Borei 
regulator, a mathematical notion which is involved in the Lichtenbaum con­
jecture. We will treat this conjecture in section 2. The Bloch group will be 
discussed in the succeeding section. We will conclude with a section that contain 
some calculations concerning the Borei regulator. 
We start however with a section which is dedicated to relation (iii). It is el­
ementary, and can be understood by those who are laymen on the subject of K-
theory. The material in this chapter has already been published in an internal 
report (see [5]). 
4.1 Keune's 5-cycle 
The work of F. Keune on the presentation of algebraic K^-groups [14] of certain 
rings give rise to special elements. From these special elements originates the 
notion of a 5-cycle. This section treats some aspects of the behaviour of5-cycies. 
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The following lemma is the starting point of this chapter. The proof will be left to 
the reader. Let Л be a commutative ring with identity element 1. 
4.1.1 Lemma(F. Keune). Let a, b, c, d and e be elements of R. Then the 
following conditions are equivalent: 
<·> ( ί τ Κ ί ΐ Κ ί τ χ ΐ ΐ χ ί τ ) - ^ - . 1 ) . · 
(it) d = 1 — αδ, e = 1 — 6c, a = 1 — cd, b = 1 — de, с = 1 — ea; 
(tit) 1 — a — с + abc = 0, d = 1 — ab, e = I — bc. 
D 
Lemma (4.1.1) is the motivation why we define the notion of 5-cycle, which is 
nothing more than a quintuple (a, b, c, d, e) that satisfies one of the equivalent con­
ditions of lemma (4.1.1). An easy computation shows that a 5-cycle that contains 0 
or 1 must have the following form: 
(1,a, 0,6,1) 
with а + б = 1. Such a 5-cycle we will call trivial. A consequence of lemma (4.1.1) 
is that any 5-cycle is completely determined by three consecutive elements of the 
cycle. If R is a field, even two consecutive elements of a 5-cycle determin the 
cycle, provided the product of these elements is not equal to 1. We say that three 
elements a, 6, с are consecutive whenever 
1 — a — c-f- обе = 0. 
Note that in a 5-cycle any three consecutive elements are consecutive in the sense 
of above definition. 
The consecutivity of elements of a commutative ring R is used for constructing 
generators for a presentation for K-¡ (Я). 
4.1.2 Definition. Let R be a commutative group. Then we define the abehan 
group C(R) by the following presentation: the generators are symbols (a, 6, c), where 
a, b, с are consecutive; the defining relations are: 
(t) {a,b,c) = (b,c,l-ab), 
(ii) (c,b,a) = (atb,c)-1, 
(ttt) (a,bc,d) (b,ca,e) = (ab,c,d+ ea), 
where a,b,c,d and e are elements of R such that all generators are defined. · 
The main result of [15] is the following theorem. It is about so called 1-fold stable 
rings. A commutative ring R is called 1-fold stable if for all unimodular (a, 6) £ R2 
there exists an element с € Я such that a + be E R'. 
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t „ x ^ σ 
1-х 
» V . / 1-х 
x-1 
Figure 1 : action of Σ on χ 
4.1.3 T h e o r e m ( F . K e u n e ) . Lti R be a 1-fold stable nng. Then the group C(R) 
ts tsomorphtc to K2 (R) Q 
If we have a 5-cycle Π = (α, 6, с, d, e), then the shift s maps Π to the 5-cycle 
(e,a,b,c.d), and the re f lec t ion г maps Π to the 5-cycle (е,а,с,b,a) This is of 
course not a very fruitful way of producing new 5-cycles, in fact we will call 5-
cycles Πι and Π2 t h e s a m e whenever Π 2 is obtained from Πχ by applying shifts 
and reflections on Πι If R is a field however, then there is a method to make 
essentially new cycles From now on let F be an arbitrary field We need the help 
of the transformations σ and τ defined on F \ {0,1} by 
σ(χ) = 1 — χ 
and 
Observe that σ and τ generate a group Σ, which is isomorphic to the permutation 
group Sa The action of Σ is shown in figure 1 We also define the transformations 
ρ = στσ = τστ and φ = τσ An easy calculation shows that ρ and φ act ets 
follows p ( x ) = J3Y and φ(χ) = -rj-^ Now let Π = (о, 6, с, d, e) be a non-trivial 
5-cycle in F Then Σ acts on all five members of the 5-cycle, and in this way 
we get (in general) a collection of 30 elements of F \ {0,1} We will denote this 
collection as Vh The question that arises is whether there are any other 5-cycles 
in Vn The answer is affermative, and as a matter of fact we can find (in general) 
twelve 5-cycles in Vh In order to find these 5-cycles, we define a map ƒ by 
ƒ ((υ, w, x, y, z)) = ( r (u;), σ (y), ρ (ζ), σ(ν),τ (χ)) 
for all 5-cycles (v,w,x,y, ζ) It is not difficult to show, that if Θ is a 5-cycle in 
Vn, then ƒ ( ) is also a 5-cycle m Vn The above mentioned twelve 5-cycles now 
are obtained by letting ƒ, the shift, and the reflection act on Vn These 5-cycles of 
course have members in common, and our next goal is to investigate the intersection 
structure of the 5-cycles If one would try a guess in what the structure might be, 
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Figure 2: the adjacent 5-cycles of Π. 
then the dodecahedron is a fairly good candidate: regard 5-cycles as pentagons, 
where we identify the edges of the pentagon with the members of the 5-cycle, and 
observe that a dodecahedron has 30 edges, which is equal to the number of elements 
of V
n
. Actually, this guess is almost right, but in fact there are (wo dodecahedrons 
involved. To understand this we define the transformation F := f2. We will now 
work with F, the shift s, and the reflection r. Let us first introduce some new 
notations: if χ G F \ {0,1}, then we denote XQ := ι, Xi := <p{x) and X2 := φ2 (x) 
We also define χ := p(x). The following table shows us how we obtain five new 
5-cycles from the original 5-cycle Π. 
9 
1 
F 
(sF)F 
(sF)2F 
(sF)3F 
(,F)*F 
9 (a) 
ao 
di 
ei 
a i 
bi 
Cl 
9(b) 
bo 
ao 
bo 
CO 
do 
CO 
9(c) 
Co 
Cl 
di 
e\ 
<>1 
bi 
9(d) 
do 
b* 
Cl 
di 
62 
a j 
9(e) 
eo 
«2 
0 2 
Ьг 
C2 
di 
The six 5-cycles from this table can be glued together according to figure 2. If we 
take a close look, we observe that this is just half a dodecahedron. The dodeca­
hedron can be completed by glueing two copies of the diagram together along the 
edges associated to x^, where г is a member of a 5-cycle. This is shown in figure 3. 
The complete system of 5-cycles is shown in figure 4. Observe also that 
in every dodecahedron there are six 5-cycles, and that every cycle occurs twice. 
The total structure of the 5-cycles, of the dodecahedrons is symmetrical under the 
reflection at the center of such a dodecahedron. This is illustrated by figure 4. 
It is now obvious, that for every 5-cycle Π we can define the cycle set Zu of Π 
as the set of all 5-cycles obtained from Π by the action of ƒ, s and r. Notice that 
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Figure 3: twelve 5-cycles. 
Ρ(Π) 
Fs Г(П) 
Figure 4: The 5-cycles of Vn-
KEUNE'S 5-CYCLE 97 
we have made a partition of Vn in two classes, one class containing all elements x, 
with χ member of the original 5-cycle Π and j = 0,1,2, and one class containing 
all elements xj. Also the set of 5-cycles Zu is divided into two classes, each class 
of 5-cycles having the structure of a dodecahedron. We observe that ƒ maps from 
one dodecahedron to another. Another property that we can derive directly from 
figure 4 is the fact that the product of the elements associated to 3 edges that 
coïncide in one point is equal to 1. 
A remarkable 5-cycle which we can find in Zn is the image of Π under the the 
map F s 3 / , denoted by Π: 
Π :=* 7(П) = (бЯс.м). 
Notice that Π = (e,d,с,ό,α) = r(Π). In this way we see that we can obtain all 
5-cycles of Zn by the action of the group generated by ƒ and *. 
In section 3 of this chapter we will use the fact that if a, 6, с are consecutive, 
then also i , 1,6c are consecutive. This can be shown by a simple calculation, but 
we are also able to understand this with the help of the dodecahedrons. From our 
consecutive triplet a, b, с we obtain a 5-cycle Π = (α, 6, с, d, e) where d = 1 — α6 and 
e = 1 — 6c. We then define the 5-cycle П' by 
(4.1.І) П ' : = / 3 ( ( a , 6 , C , d , e ) ) = (¿T,67,7¡ ,^,^) = Q , і,6с, 1 - 1 , 1 - с 
and then i-, £,6c are consecutive according to lemma (4.1.1). The cycle Π' can be 
found in figure 4 as the pentagon on the top of the rightmost dodecahedron. 
Another question that arises is, whether it is possible to find more than the 
twelve 5-cycles in Vh described above. If F has characteristic 0 the answer is 
negative. First we prove the following lemma: 
4.1.4 Lemma. Lei F be a field wiih characteristic 0. Then there do not exist 
integers i,j,k,l,m, such thai for every 5-cycle (a,b,c,d,e) in F the following 
equation holds: 
(4.1.ІІ) a^'c'd'e"* = 1, 
except of course the trivial solution i = j = к = / = τη = 0. 
PROOF : Suppose there is a non-trivial solution i,j,k,l,m for equation (4.1.ii). 
Without loss of generality, we may assume i > 0 and j > 0 (by shifting and 
dividing). Let a, 6 G F \ {0,1} with ab φ 1. Then we have a 5-cycle 
(e,6'rf¿'1-ao'rf¿)· 
Hence for every a, 6 G F \ {0,1} with ab φ 1 we have 
98 C H A P T E R 4 : T H E B L O C H G R O U P 
Figure 5: the edge α and it's neighbours. 
(4.1.ÜÍ) α ^ ' ( 1 - α)*(1 - а е ) ' - к - т ( 1 - 6 ) m = 1. 
Now select a = b, but аб jé 1 (which is possible whenever α φ —1,0,1). Then 
equation (4.1.ІІІ) boils down to 
(4.1.iv) а і + > ( 1 - а ) ' ( 1 + а ) ' - * - т = 1 
for all o e F with α φ - 1 , 0 , 1 . We substitute a = 2 in (4.1.iv). This yields the 
relation ( - l ) ' 2 * + J 3 ' - , : - m = 1, hence / = ifc + m and ¿ + j - 0. But t' and./ are 
non-negative integers, so we conclude i = j = 0. Now we substitute the results in 
equation (4.1.ІІІ): for all a, 6 G F \ {0,1} with ab φ 1 we have 
( 1 - α ) * ( 1 - 6 Γ = 1, 
which is absurd, unless к — m = 0. Because I = к + m = 0, the proof is complete. 
D 
We now consider an arbitrary 5-cycle Π together with it's cycle set Ζγι- The fact 
that the product of every three edges in the dodecahedron is equal to 1, implies that 
there must exist at least 20 triplets {x,y,z} contained in Vn with this property. 
On the other hand, lemma (4.1.5) states, that there do not exist more than 20 
triplets {x,y,z} С Vn with xyz = 1. 
Let Tn be the set of these 20 triplets (observe that every edge is contained in 
exactly two triplets of Tn). We show that the cycle set Zn does not contain more 
than twelve 5-cycles, by applying lemma (4.1.4) and (4.1.5) in the following way: 
Let П' = {α,β,у, 6,ε) be a 5-cycle with α,β,·γ,6,ε E Vn· The action of F yields 
two other 5-cycles contained in Vn which are glued together along three edges: a, 
β and ^ . Hence {α,β,-^} is a triplet in Tn, and then from lemma (4.1.5) readily 
follows that β is one of the edges u,v,w,x (see figure 5). But in a field any two 
consecutive members of a 5-cycle determine the cycle completely, thus implying 
that Π' is equal to either Φ or Θ, which are 5-cycles in Zn-
4.1.5 L e m m a . Let Π be a 5-cycle. Then there do not enst more than 20 triplets 
{x,y,z} tn Vjl that sattsfy the equation 
xyz = 1. 
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PROOF : Consider the following table, that contains all elements of ц. 
action of Σ X 
zo 
a 
b 
с 
d 
e 
+ 
( M ) 
σ(χ) 
* 2 
cd 
de 
ea 
ab 
bc 
+ 
( 2 , 0 ) 
τσ(χ) 
Xl 
1 
73 
1 
li j _ 
ea 
1 
ab 
1 
be 
+ 
(0,2) 
PH 
I Ö 
α 
- Î 3 
4 
"37 
с^  
ea 
-ή 
-
( 1 . 2 ) 
" ( . ) 
Χ2 
_ed 
α 
de 
" Τ 
ea 
e 
a» 
d 
e 
-
(2,0 
r (χ) 
ϊ Γ 
1_ 
α 
1 
Τ 
1 
e 
i 
1 
e 
+ 
(ο,Ο 
«— signs 
«— numerators, 
denominators 
In this table, the tuples (n, d) in the bottom row denote the number of numerators 
η and denominators d of the entries in the according column. 
If we want to find a triplet {x, y, z} with xyz = 1, then the sum of the associated 
tuples must be equal to a vector of the form (K,K) with К G Ζ. This is the 
consequence of lemma (4.1.4). We have to solve the equation 
(4.1.V) Л(1,0) + В(2,0) + С(0,2) + О(1,2) + .Е(2,1) + ^(0,1) = (Л',Л') 
where A, B, C, D, E, F e N and 
(4.1.vi) A + B + C+D + E+F = 3. 
From this follows 
(4.1. ІІ) A + 2B-2C-D + E-F = 0. 
Due to the signs we also have the equation 
(4.1. ІІІ) D = £ ( m o d 2 ) . 
From equations (4.1.vi) and (4.1.vii) we deduce 
B-3C-2D-2F= - 3 , 
from which follows that В + С is odd. Hence В + С=1отВ + С=3. But 
В + С = 3 is impossible: it implies A = D = E=F = 0, from which we obtain 
В = С, using (4.1.vii); this contradicts the fact that В and С are integers. So we 
must have В + С = 1, which leaves us with two cases: 
(i) 
(ii) 
В = 1 and С 
В = 0 and С 
0, 
1. 
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Define Δ := В — С. Equations (4.1.vi) and (4.1.vii) now reduce to 
A + D + E+F = 2, { A - D + E - F = - 2 Δ , 
which readily imply 
A + E = l - A . 
For the two cases this means: 
(¡) 
(Ü) 
in this case Δ = + 1 , hence A + E = 0, and then A = E = 0; then 
D + F = 2, with D even; we conclude that D = 0 and F = 2, or D = 2 
and F = 0, 
now Δ = —1, hence A + E = 2 and D + F = 0; here £ is even, and we 
conclude that A = 2 and E = 0, or Λ = 0 and £ = 2. 
It is not difficult to verify that there correspond exactly five triplets {x,y,z} with 
xyz = 1 to every solution of equation (4.1.v). 
Δ 
1 
1 
-1 
-1 
A 
0 
0 
2 
0 
В 
1 
1 
0 
0 
с 
0 
0 
-1 
-1 
D 
2 
0 
0 
0 
E 
0 
0 
0 
2 
F 
0 
2 
0 
0 
equation 
а(х)р(у)р(г) = 1 
σ(χ)τ(
υ
)τ(ζ) = 1 
¿h-1 
<Άχ)ϊ\(4) - ι 
та(г) 
The possible values for the coefficients of equation (4.1.v) are summarized in the 
above table. • 
4.2 The Lichtenbaum conjecture 
The Bloch group occurs during the verification of some cases of the Lichten­
baum conjecture. Computations of this kind can be found for example with 
D.Grayson [11], who confirmed the validity of the Lichtenbaum conjecture for 
some imaginary quadratic number fields. The Bloch group is related to the al­
gebraic Кз-group. During the calculations we find special elements which have 
a strong resemblance to the generators (a, b, c) of the presentation of К 2-groups, 
as described in the first section. 
Let F be an algebraic number field. The Lichtenbaum conjecture states that 
(4.2.І) lim Cf i') (S-1+ 2m)-' = R^ (F) ' * 2 m ( ^ ) ^ " 1 
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for all integers m > 0. On the left-hand side of this formula CF is the Dedekind 
zeta function of the field F The number g is the multiplicity of ζ
Γ
 at 1 — 2m. At 
the right-hand side occurs the so called B o r e i r e g u l a t o r of the field Rm (F). For 
m = 0 the conjecture boils down to the ordinary class number formula 
( 4
-
2 l , )
 ^
C f ( g ) =
 u W l ^ ) l · 
Here r i and r j are the number of real embeddings and the number of pairs of 
imaginary embeddings of F respectively, while uif is the number of roots of unity of 
F. The number Rp is the ordinary regulator. The relation between formula (4.2.І) 
and formula (4.2.ii) is given by the equations 
R = R0(F)%/\disc(F)\ 
res CF (*) = Hm C,F (s) (s - 1). 
» = 1 j—»1 
The Lichtenbaum conjecture therefore is valid for m = 0. Currently, it is not known 
whether the conjecture holds for m > 1. We will stick to the next most simple 
case, that is m = 1. It is well known that in this case the group K2 {Op) is finite. 
If the field F is totally real, then conjecture is better known as the B i r c h - T a t e 
conjecture. This conjecture has been proven to be true for all real abelian number 
fields, except for a possible 2-power factor. 
If we restrict ourselves to imaginary quadratic number fields, the Lichtenbaum 
conjecture boils down to 
(4.2.iii) ^ (-1) | К з ( O i O f c J = Äi (F) \K2 {OF)\ . 
Now we will discuss how to calculate the left-hand side of formula (4.2.ІІІ). The 
group Kz ( O F ) is isomorphic to A3 (F). For imaginary quadratic number fields F 
we assume that K3 (F) has a torsion group of order 24 (see Grayson [11]). The zeta 
function of F can be expressed as the product of ¿-functions, whith an L-function 
associated to every character χ of the field F. In particular, if F is imaginary 
quadratic, we have the trivial character, and a non-trivial odd character. The L-
function associated to the trivial character is the ordinary Riemann zeta function, 
which has the value — -¡L at s — —1. The ¿-function L(s;x) associated to the non-
trivial odd character χ has a zero at s = — 1 , and with the aid of the functional 
equation for ¿-functions, we then obtain 
48π 
Неге ƒ is the conductor of the non-trivial character of F . The function ¿ ( s ; χ) has 
a convergent series expansion 
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n = l 
for all s with Re (s) > 1. We then find the following formula for the left-hand side 
of equation (4.2.ІІІ): 
CF(-l)\K3(0F)ton\= bg-Lfrx). 
With the aid of this formula we are able to compute a numerical approximation 
of the left-hand side of equation (4.2.ІІІ). The table in the appendix contains 
approximations for the values of the L-function at s = 2 for the first 288 imaginary 
quadratic number fields. 
If we were able to compute the Borei regulator and the exact prime power that 
divides 1/^ 2 ( O F ) ! , then we could verify the Lichtenbaum conjecture for a certain 
prime. We will check some examples for the prime 2. Finally, we would have to 
compute the regulator Яі (F), and this is the actual place where we need the help 
of the Bloch group B(F), introduced by S.Bloch [4]. We use a map 
D:B(F)^R 
who's image is a lattice in R, whenever F is an imaginary quadratic number field. 
The map D originates from Wigner, and it satisfies many functional equations (see 
Bloch [3,4]). Corresponding to the work of Grayson [11] we assume that the volume 
Μ ρ of the fundamental region of im(£)) is equal to wRi (F). Equation (4.2.ІІІ) 
then boils down to 
(4.2.І ) i/ 3 / 2 L(2; χ) = MF \K3 (0F)\ 
A numerical approximation of the left-hand side of equation (4.2.iv) is also pre­
sented in table 2 contained in the appendix. 
We will finish this section with a formulation of some of the properties of the 
map D. First we define the Dilogarithm, which is a complex map defined by 
U2(z):=- f i ^ — Q d i for a l l z e C \ { x e R | x > 1 }. 
For |г| < 1 we have a convergent power series expansion 
Li2(z) = ¿ ζ" ^ 2 " 
Figure 6 illustrates how the Dilogarithm transforms the complex plane. The pic­
ture shows the images of lines through the origin, and of concentric circles hav­
ing the origin as centre. The Dilogarithm maps the unit circle to a closed curve 
that contains LÍ2(1) = ^-. The complex plane is cut open along the half line 
{a;€R | я > 1 } into two branches, which approximate the parabola Re (г) = 
= 3 ^Г^· The Dilogarithm has a singularity at the point -^ - = LÍ2(1), which 
also happens to be the focus of the parabola. The Dilogarithm satisfies nice func-
tional equations: 
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Figure 6: the Dilogarithm. 
(i) Li2 (x) - Li2 (y) + Li2 (*) - Li2 ( ^ t ) + Li2 ( i f f ) = 
= ^ - l o g ( z ) l o g ( i = f ) ; 
(ii) Li2 (x) + Li2 (1 - x) = £ - log (x) log (1 - x); 
(iii) Li2 (-χ) + Li2 (-1) = -$ - i log2(x). 
Equation (i) originates from Abel [1]. Both equations (ii) and (iii) can be derived 
from equation (i). We introduce Wigner's map D : C \ { x e R | χ > 1 } —• R which 
is defined by 
D (z) := log(M) arg(l - z) + Im(Li2 (г)). 
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We summarize some of the functional properties of D. They can be proven with 
the aid of the functional properties of the Dilogarithm: 
(i) D(Q) = D(l) = D(<x>)=0; 
(ii) D{x) = -D(x-1) = - £ > ( ! - x ) for all χ e C; 
(in) D(x)-D(y) + D^)-D(^)+D(^)=0 forallx.j/eC. 
The Dilogarithm satisifies a considerable amount of algebraic identities (see for 
instance Lewin [17]). Via the functional equations of the Dilogarithm, and the 
convergent series expansion it is possible to compute arbitrary accurate numerical 
approximations for the values of the Dilogarithm, and consequently of Wigner's 
map D. Figure (6) is the result of such kind of computations. 
4.3 The Bloch group and the tame kernel 
Let F be an arbitrary field. We define the following groups and morphisms: 
4.3.1 Definition. The group Ρ (F) is defined as the free abelian group with gener­
ators [x], where χ € F\ {0,1}. The homomorphism X:P(F) - • F*<g>F* is defined 
by 
λ ( [ χ ] ) : = χ ® ( 1 - χ ) 
for all χ e F \ {0,1}. The group В (F) ¿s defined as the kernel of λ. · 
Note that the cokernel of Λ is equal to K^ (F) by Matsumoto's theorem. Hence we 
have an exact sequence 
0 В (F) Ρ (F) F * ® F * Κι (F) 0 
λ {,} 
In Ρ (F) there are special elements which play an important role in the relation 
with the K2-grCMPs: 
4.3.2 Definition. Let a 6 F \ {0,1}, then we define 
m
a
 := [a] + [1 - α], 
i, := [a]+[i]. 
Moreover we define elements 
¿«Xe := [a] - [aft] + [6] - [6c] + [c] 
for all consecutive triplets a, b, с G F \ {0,1}. · 
We extend the map D on P ( F ) by the following definition: 
D([x]):= D(x) for all x G F \ {0,1}. 
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The fact that D annihilates the special elements of P(F) means that it is possible 
to take quotient with respect to those elements, without losing the properties of 
our map D. We therefore define the group Ap as follows: 
4.3.3 Definition. The subgroup AF of P(F) is defined as the group generated by 
all elements А
аі
ь,е where a,b,c£ F\{0,1} are consecutive. The quotient Ρ {F) /AF 
is denoted by V {F). · 
By abuse of notation, we will denote the classes oîV(F) also by [a]. The following 
lemma provides the values of the special elements m,, and ¿a under the map Λ: 
4.3.4 Lemma. 
(i) Let a e F\{0,1}. Then 
X(m
a
) = a® (1 - a ) + (l - a ) ® a, 
λ(4.) = a ® (-a). 
(HJ Let a, b, с 6 F \ {0,1} where 1 — a — с + abc = 0, then 
λ (А
аі
ь,с) = a ® c + c ® a . 
PROOF : Part (i) can be easily verified. We demonstrate part (ii), by making 
convenient use of the fact that (a, 6, c, 1 — aò, 1 — 6c) is a 5-cycle. Let d := 1 — ab 
and e := 1 — 6c, then 
Х(А
а>ьіС) = 0 ® ( 1 - α ) - α 6 ® ( 1 - α 6 ) + 6 ® ( 1 - 6 ) -
- 6 с ® ( 1 -6с) + с®(1 - с ) = 
= α® cd — ab® d + b® de — 6c®e + c®eo = 
= a ® c + a ® < í - a ® < í - 6 ® d + 
+ 6 ® а + 6 ® е - 6 ® е - с ® е + с ® е + с ® а = 
= а ® с + с ® а 
D 
Denote the kernel of the canonical map F*Çi)F* —+ F* Л F* by 7>. This kernel is 
generated by elements α ® 6 + b ® o. The following lemma is due to the fact that 
λ maps the element Aatb¡c to а ® с + с ® а: 
4.3.5 Lemma. The image of AF under the map Л is equal to Tf. 
P R O O F : From lemma (4.3.4) we readily obtain that Л {AF) С Тр. Leta®c + c®a 
be a generator of Tp, whith а, с g F*. We distinguish two cases. First suppose 
a + с = 1, which implies a 6 F \ {0,1}, hence а ® с + с ® а = λ (m
a
) according to 
lemma (4.3.4). Now suppose а + с φ 1. By defining 
6:
=
a±£^ G F\{0, l} 
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we obtain a consecutive triplet a, 6, с with λ (Ао,ь,е) = a ® c + c ® a , agian using 
lemma (4.3.4). Q 
Now we are able to factorize the map λ over V (F), but the target group rather is 
the exterior algebra F* Λ F', because of lemma (4.3.5). We therefore have a map 
λ: V {F) — F' Λ F* defined by 
Α ( [ α ] ) : = α Λ ( 1 - α ) . 
Again, the cokernel of \:V (F) -• F* Λ F* is isomorphic to K2 (F). 
4.3.6 Definit ion. The B l o c h group B(F) of F is defined as the kernel of the 
map \:P(F)^F* AF'. · 
Some authors reserve the name Bloch group exlusively for S ( F ) ) b u t sometimes we 
will abuse names by also calling В (F) the Bloch group. 
The Bloch group is a quotient group of В (F) . As a result we have the following 
commutative diagram: 
AF —·*• TF 
A 
0 * В (F ) Ρ (F) • F · ® ^ * » K2 (F) " 0 
A 
0 *• В (F) -ViF) F' A F* • K2{F) •O 
0 0 0 
We split the horizontal exact sequences of the diagram into short exact sequences 
by defining the quotient groups 
S(F):=P(F)/B(F) 
and 
S(F):=V(F)/B(F). 
We end up with the following diagram: 
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B(F) 
( Ì 0 
\ / 
S IF) / V 
F) * F*®F* 
λ
 1 
\ 
1 
K*{F) 
0 B(F) " V (F) F · л F* * Кг ( F ) • 0 
\ / 
Í ( F ) 
/ \ 
0 0 
In this diagram all vertical morphisms are canonical projections. Now we are going 
to derive some properties, with which we will be able to understand the relation 
between Ki^F) and 5 ( F ) . 
4.3.7 Lemma. The image ofma e Ρ (F) under the canonical projection toV(F) 
does not depend on a. 
P R O O F : It is sufficient to demonstrate that 
τη
α
 — mp € Ap 
for every α φ 0,1 and β φ 0,1. We may assume that α φ β, since 0 G Αρ. Let 
(о, 6, с, d, e) be an arbitrary 5-cycle. Then 
А
аХе
-Аь,
еА
 = [α] - [об] + [6] - [6c] + [ с ] -
- [Ь] + M - [с] + [cd] -[d] = 
= M + M - M - N = 
= [α] + [1 - α] - [1 - α6] - [аб] = 
= тп
а
 — m0j = 
= тп
а
 — m¿. 
With α and 0 we make the following non-trivial 5-cycle: 
/ β 1 - α , . α-β \ 
The result is 
пг0 - rriß = А £ i-c, - A¿ t-ç. ._в e Ар, 
• о ' ϊ-β а • l-fl ' * ^ 
which proves the lemma. D 
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With μ we denote the constant class of V(F) that contains all elements m
a
. At 
the end of this section we will prove that μ has finite order, and we will even give 
an upperbound of this order. As we can see from the previous lemma, subtracting 
elements А
аі
ь,е is very fruitful. It leads directly to the following lemma: 
4.3.8 Lemma. Let (a,b,c,d,e) be a 5-cycle, then 
А
а
,ь,с + Af.e.o - rn
a
 G В (F) 
P R O O F : Apply the map λ and use lemma (4.3.4): 
λ (Ла.Ь.е + Ad,e,a — "Ід) = 
= a ® c + c ® a + d ® a - a ® d - a ® ( l - a ) - ( l - a ) ® a = 
= α ι 
cd cd 
l - o 1 - a ®a. 
But 1 — a = cd, since (a, 6, c, d, e) is a 5-cycle. Hence λ (-Αα,δ,β + Ad,e,a — "»α) is an 
element of ker (λ) = В (F). Q 
4.3.9 Corollary. Alla e F \ {0,1} satisfy m
a
 6 B(F). 
4.3.10 Corollary. Let (a,b,c, d, e) be a 5-cycle. Then 
2А
а
ь,с - ( m
e
 - т
а
ь + ттц - тьс + m,;) G В (F). 
P R O O F : Define s 0 : = Х(Аеаь), Sb : = А(.Аві& іС) etc. The e lements s a , . . . , e e 
satisfy the following equations: 
s
a
 + s
c
 — A ( 6 ) , 
Sb + sd = X ( c ) , 
Sc + s
e
 = A (d), 
Sd + s
a
 = A ( e ) , 
St + Sb = λ ( a ) . 
We regard these equat ions as a matrix equation: 
/ 0 1 0 0 ΐ \ / β
β
\ / λ ( m « ) \ 
1 0 1 0 0 Sb A ( m ò ) 
0 1 0 1 0 Sc = X(me) 
0 0 1 0 1 Sd X(nid) 
\ I 0 0 I 0 J \ se J \ A(m,) / 
Invert the 5 χ 5-matrix on the left-hand side, the result is the following equation: 
( Цгпа) \ 
A(mt) 
A(m
c
) 
V A(m
e
) / 
( s
a
 \ 
Sb 
Sc 
Sd 
\ ', J 
/ 
= 4 
\ 
— 1 
— 1 
1 —1 
— 1 1 
-1 -1 
-1 1 \ 
— 1 —1 
1 —1 
1
 ! / 
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Hence 
2«4 = λ (m 0 + ть + mc — mj — m e ) . 
But mj = mi_
e
b = m 0 j and m e = mj c, and we conclude 
λ (2Аа,Ь,е — ("»о — ШаЬ + ">> — та»с + "»e)) = 
= 2sb — A (m,, — mah + І»І — п»»
е
 + me) = 
= 0. 
D 
The elements i
a
 also satisfy nice properties: 
4.3.11 Proposit ion. Let a,b € F\ {0,1} with ab φ 1. Then the equation 
tab = t
a
 + ¿4 
ftoW« in Ρ (F). 
PROOF : Extend a, 6 to a consecutive triplet a, 6, с with с := rf^r· As we have 
already noticed in the first section, we know that also -,^,bc is a consecutive 
triplet. Then 
• " · . * > « — -Ці, be = 
= {W - [aft] + [b] - [be] + [c]} + { [1] - [ ¿ ] + [I] - [c] + [6c]} = 
= ¿a + ¿b — (ah 
Π 
4.3.12 Corollary. InV(F) we have 2t
a
 = i
a
i = 0. 
PROOF : From ία = ¿ ι we conclude 
tab + ta-tb=ej
s
+e
a
- i^a = 0. 
Adding this to the equation І
а
 + £j, — £
а
ь gives us the desired result. [] 
4.3.13 Corollary. Define <p: F*-> V (F) by 
φ(α) = ία foraUaeF\{0,l}, 
*>(!) = 0. 
TAen φ is a homomorphism. 
PROOF : We have to prove that φ (ab) = φ (a) + <р(Ь) for all α, 6 G F*. We 
distinguish three cases: 
по 
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(i) if α = 1 or 6 = 1 then we are left with a trivial case; 
(ii) if ab = 1 then we have to prove φ (a) + φ (£) = 0; this is true because 
of corollary (4.3.12): 
<ρ(α) + φ(ί) = ί
α
 + ίι = 2 £
o
 = 0; 
(iii) if α φ 1, 6 φ 1 and ab ф 1, we directly apply proposition (4.3.11). 
D 
4.3.14 Corollary. The order of the constant class μ is finite, and divides 6. 
PROOF : Consider the diagram of figure 1 in section 1. We fix χ 6 F \ {0,1}, and 
let Σ act on x. In V(F) the following equations hold: 
E [*(*)] = 
= [*] + [і-*]+[тег] + [г*т] + [ і - І ] + [*] = 
= тп
х
 + m ι_ + m 1_χ = 
1 — χ χ 
= 3 / Î , 
and 
Σ И*)] = 
«ЕЕ 
= * ι _
Γ
+ / _ * _ + / i = 
=
 *(!-*) A i = 
From these equations follows 6μ = 2f_i = 0 . [] 
4.4 The relation between A'2 (F) and 5 (F) 
/n this section we define actions on the groups V (F), F'ÇQF* and A'2 (-F) which 
makes them into (a)-modules, where σ is an automorphism of order 2. Di­
viding out these actions will yield the desired relation between K2 (F) and the 
group S(F). 
We define the transformation σ on P(F) by 
σ([α]) := [1 - α] for all α e F \ {0,1). 
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Notice that σ is an automorphism of order 2 which acts on Ρ (F), and that 
(l + <r)([a]) = m
e
. 
Moreover we define maps σ: F * ® F * -• F * ® F * and tr: Кг (F) -> K2 {F) as fol­
lows: 
σ ( α ® 6 ) : = 6 ® ο for all α ^ 0 , 1 . 
and 
σ (χ) := -χ for all χ 6 Κι (F). 
We then have the following commutative diagram of (ff)-modules: 
P ( F ) — F'<g>F· — K2(F) 
(4.4.І) " ^ 
P ( F ) F*®F· • K2(F) 
Notice that coier(l + σ: F ' l g F * — /"(glF*) = F* Λ F*. Furthermore, the map 
1 + σ:/ίΓ2(Ρ) —·• K^iF) is trivial. We introduce the notations G + and G + for 
arbitrary ^-modules G by defining: 
G+ :=ker(l-|-ff) 
and 
G + :=G/im(l-|-ff). 
From diagram 4.4.i we destili the following diagram by applying the snake lemma: 
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S(F)+ • ( f ( 8 l F , ) + • K2(F) 
0 ^ S(F) • F*(g)F* —^* K2 {F) «- О 
О S (F) • F*<g>F* K3(F) - 0 
K2(F) -Sm. F*AF* » K2(F)—•o 
8 * λ {,} 
The map д can be described easily. We make use of the presentation given by 
definition (4.1.2) of section 1 of this chapter. 
4.4.1 Proposition. Let (a,b,c) φ 0 be a generator of K2 {F). Then д maps 
(a,b,c) to the congruence class А
аі
ь
іС
. 
PROOF : From (a,6,c) φ 0 follows a,6,ce F\{0,1}. Now proposition (3.3) of [14] 
states that 
(a,6,c) = {c,a}, 
where { ,} is the Steinberg symbol on F. The image of (a, 6, c) under the map д 
can be deduced readily from the following diagram: 
(a,6,c)= {c,a} 
{,} 
c® a (a,6,c) 
А
а
ь,с ' ·- a ® с + с ® a 
•^а.б.с 
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The equation λ (Аа,ь,е) = a ® c + c ® a follows directly from lemma (4.3.4). [] 
The result of proposition (4.4.1) is an exact sequence containing K2 (F) which can 
be split in the following way: 
-KiiF) » 5 ( F ) + • F ' A F · • X 2 ( F ) •O 
' \ / A 
5 ( F ) 
/ \ 
0 0 
The short exact sequence 0 -• 5 ( F ) -• F*(g)F· — K^ (F) -• 0 on the right-
hand side is directly obtained from diagram 4.3. The map p : 5 ( F ) + —• 5 ( F ) is 
the canonical projection. Notice that the canonical map 5 ( F ) —• 5 ( F ) factorizes 
through 5 ( F ) + , since ma G В (F), hence rñ^ " = 0 (See corollary (4.3.9)). We now 
have an exact sequence 
0 5 ( F ) + {Fm®F·)* - ^ KÌ{F) » S ( F ) + -?— 5 ( F ) 0 
We can consider θ as a symbol on F of order 2. The fact that the order of д is 2, 
is a consequence of the following proposition: 
4.4.2 Proposit ion. The kernel of ρ is an elementary 2-group. 
PROOF : From the fact that Tp is isomorphic with the kernel of the canonical map 
5 (F) —• 5 (F), we obtain the following diagram: 
0 0 0 
0 * AF TF 0 
τ 
0 В (F) P(F) » 5 ( F ) 0 
0 » B(F) - Ρ ( F ) • 5 ( F ) * 0 
0 0 0 
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Divide out the action of σ on the vertical exact sequence on the right-hand side. 
The result is the following diagram: 
• ( 7 > ) + — * S ( F ) + — S ( F ) — 0 
ker(p) 
/ \ 
0 0 
Notice that S(F)+ = S(F), since σ acts trivial on S(F): from lemma (4.3.8) 
directly follows m
a
 = (1 + σ) (α) G В (F). Now let χ G Тр. If we consider 7> as a 
quotient group of Ap, we may put 
i 
where А
а]іь1іС) are generators of Ap. Apply corollary (4.3.10) of lemma (4.3.8): 
(i + Oiii.,.»,..,) = Σ 2 ^ . ' , . ^ ( m o d ß(F))-
} 
hence 
(1 + σ) (χ) = 2x. 
We conclude that (7У) + = Tp/2 is an elementary 2-group. But ker(p) is a quotient 
group of ( 7 У ) + , and we are ready. • 
4.5 The cyclotomic equation 
In the previous sections we considered elements in the Bloch group which have 
a triviai D-value. For the computation of the regulator we need elements which 
have a non-zero D-value. There is no general method, that produces such non-
trivial elements. There is an algorithm however, that is succesfull in some cases. 
All non-trivial elements of the Bloch group known until now can be obtained 
with this method. 
4.5.1 Definit ion. Let F be an arbttrary field, and lei a G F. The cyc lo tomic 
equat ion w i t h b a s e α is the equation 
CO 
(4.5.І) a2»-» J ] ( l - 0 " ) n « - = l, 
n = l 
with mdeiermtnates q
n
 G Ζ. From α soluUon of equation (4-5.t) we require that 
q
n
 φ 0 for just a finite number of indices η > 0. · 
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Solutions of the cyclotomic equation often will be denoted by an infinite sequence: 
4 = (?ο.ϊι.«2>···)· 
Consider the following example: 
4.5.2 Example. Define F := Q(vQJ) and α := Ce = е^• Then (0, 3,0,...) is а 
solution of the cylotomic equation with base a: 
(.-.,·-(.-«·-(£)'-1. 
What makes solutions of cyclotomic equations interesting, is the fact that they 
give rise to elements of the Bloch group, many of them having a non-zero D-value. 
For this purpose, we assign special elements of Ρ (F) to every solution q of the 
cyclotomic equation. 
4.5.3 Definition. Let q be a solution of equation (4.5.i). We define 0q G Ρ (F) 
by 
CO 
0
ί
:=29ο£α + Σ<Ιη[°η]-
n = l 
An easy computation shows that β» £ В (F). Use lemma (4.3.4): 
OO 
>(/?,) = 2 i o ( a ® ( - o ) ) + £ Î B ( a » ® ( l - a » ) ) 
n = l 
OO 
= α ® ( - ο ) 2 « » + α ® J2 ( l_a") n í" 
n = l 
= α® i α2»« Д ( 1 - а п ) п » Л 
= β ® 1 = 0 . 
Moreover, the equation D (£
a
) = 0 holds, whence 
D(ßs)=f24nD(an). 
fi = l 
The example above thus yields the element 6 [C6] G В (Q(v'-3)). Computation of 
it's D-value yields 
£>(3[Сб])« 6.08965. 
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Sometimes elements of the Bloch group seem not to originate from solutions of the 
cydotomic equation. Take for instance F := Q(»'). Then 4 [i] is an element of the 
Bloch group, with £>-value approximately 3.66386: 
λ (4 [i]) = 4(¿ ® (1 - »)) = 1 β (1 - «') = 0. 
Although q = (2,0,0,...) is a solution of the cydotomic equation with base i, the 
solution does noi yield 4 [i]: 
0L = 4li = 4[í\+A[-í\. 
Moreover, D lßq ) = 0, so we do not have very much use for this solution. But we 
can obtain 4 [»'] from a solution of the cydotomic equation with base 1 — i. Define 
q' := (0,4,0,0,. . .) , then q' is a solution of the cydotomic equation with base 1 — i, 
and ßq· = 4 [1 — i]. Now observe that 
/V = 4 [1 - i] + 4 [f] - 4 [»] = 4гт - 4 [i], 
and that D(m
x
) = 0 for arbitrary x. Then 
D (4M) = - / ? ( % ) . 
The general idea is that it is allowed to add elements with zero D-value to any 
element of the Bloch group В (F), such as гп
а
,і
а
, and А
аі
ъ,с for consecutive triplets 
a,b,c. Examine the following example: 
4.5.4 Example. Define F := (^(У-ГГ) and ω := Ч 1 ^ . Grayson [11] finds 
the following element in В (F): 
ξ := 2 [3 + 2ω] + 12 [ω] - 6 [-ω] - 2 [-3 - 2ω] G Β (F) 
with £>(£)« 16.59130. 
At a first glance it does not look like ξ originates from a solution of the cydotomic 
equation. First, one should notice that ω 3 = —2ω — 3. Then ζ becomes 
ξ = 2 [-ω3] + 12 [ω] - 6 [-ω] - 2 [ω3] . 
Now we have to get rid of the minus signs inside the square brackets. The way to 
do this will be provided by the following lemma: 
4.5.5 Lemma. Lei χ 6 F \ {-1,0,1}. Define 
z
x
:=[x2]-2[x]-2[-x]. 
Then z
x
 is an element of B(F), and D(z
x
) = 0. 
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PROOF : Apply λ on z
x
·. 
λ ( ζ
χ
) = ι 2 ® ( 1 - χ 2 ) - 2 ( χ ® ( 1 - χ ) ) - 2 ( ( - ι ) ® ( 1 + χ)) = 
= r
2
 ® = 
( 1 - * ) ( ! + *) 
= r
2
 ® 1 = 0. 
This proves z
x
 G В (F). For the proof that D(z
x
) = 0 we need the consecutive 
triplet 1 — x, Y^JTI 1 + x. We then have 
-Ai-x.-JLy.l+r + ¿ l -r + ' i+r - ¿i-*» = 
- О ^ + ЫИЬ 
= [ l - x 2 ] - 2 [ l - r ] - 2 [ l - l - x ] . 
Subtract the result from m
x
a — 2m
x
 — 2m_
x
, then 
г* = "»із — 2 m
r
 - 2m_
r
 - i4i_X |_j_ s. ii+ r - ¿i_r - ¿i+r + ^i-ra-
From this immidiately follows that D (z r) = 0. Q 
The consequence for the last example is that we can define ξ' by 
ί' := ί + ζ*» - 3ζ
ω
 = [ω6] - 4 [ω3] - 3 [ω2] + 18 [ω], 
then £' = ßg, where q = (0,18, —3, —4,0,0,1,0,...) is a solution of the cyclotomic 
equation with base w. As far as I know, until now all kwown non-trivial elements 
in Bloch groups В (F), with F imaginary quadratic, originate from solutions of 
the cyclotomic equation, making use of the above mentioned tehniques. The sup­
position then arises, whether all non-trivial Bloch elements (or at least those that 
yield the regulator) are obtainable from cyclotomic ones. The work of Lewin [17] 
strongly indicates, that this indeed might be the case. Lewin investigates an equa­
tion involving the Dilogarithm Lij. Fix x G С, algebraic over Q. Let N G Ν*. The 
equation then is: 
(4.5.ІІ) £ —L¡2 (z r) = Α0τ* + Α log2 (χ) , 
with rational inditerminates A
r
 and A, and with AN = 1. The number N is called 
the index, and χ is called the base of the equation. Lewin observes, that all found 
solutions of equation (4.5.ІІ) satisfy an equation, similar to the cyclotomic equation: 
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(4.5.ІІІ) г 2 Л Yl (1 - xr)A' = 1. 
r | j V 
Moreover, Lewin observes, that almost all solutions of equation (4.5.ІІ) have the 
property, that the coefficients A
r
 are small (r > 0), and often even Α
Γ
 G {—1,0,1}. 
Equation (4.5.ІІІ) can be obtained from equation (4.5.ІІ) in a rather peculiar way: 
define 
/ ( * ) : = Σ — U2(xr)-A0^-A\og2(x), 
r\N r 
then differentiation with respect to χ yields 
¿/(χ)
 =
 -Ιΐο8(*"Π(ΐ-*Ί4. 
The cyclotomic equation now miraculously appears inside the argument of the loga­
rithm on the right-hand side! Since the number ζ is a fixed algebraic integer, the dif­
ferentiation cannot actually be performed, and the appearance of equation (4.5.ІІІ) 
in the derivation seems purely coincidental. There is a relation between solutions 
of the cyclotomic equation (4.5.І) and solutions of Lewin's equation (4.5.ІІ). This 
relationship is described by the following proposition: 
4.5.6 Proposit ion. Let F be an tmajinary quadratic number field, and let χ € F. 
Suppose that we have an integer solution A, AQ, A\, • • • of equation (4.5.iii) 
x
2A
 Y[ (I - xr)A'= 1, 
which also satisfies Lewtn's equation (4*5.χι): 
£ — І«2(* г) = Лот 2 + Л І о 6 2 ( і ) . 
r | j V r 
We assume that all numbers A
r
 are divtsable by r for all r | N, but we do not requtre 
AN = 1. Then there exist integers m and к such that 
mMF = 2Á:Tlog(|x|). 
PROOF : Define ξ e В (F) by 
(;:=2Α£
Χ
+ Σ ^ [ * ' ] . 
r | j v г 
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Then we can write ζ = ßt with £ := (Α,Αι,...,ή*-,...). We are interested in 
= Σ 4 L { l o 8(l a : r D a r 8( 1 - a ! r ) + I'n(Li2(x'))} = 
r\N r 
= | E Л г 1 о 8 ( | * | ) а г 8 ( 1 - * ' ) 1 + І т | Ε ^ ^ ( г " ) ) = 
= b g ( И ) \ E Ar arg (1 - xr) 1 + Im (Ло ir2 + A log2 (χ)) . 
Uk J 
The complex argument is not multiplicative, nevertheless we can state that 
arg (xy) - arg (χ) - arg (у) 6 2тг Ζ. 
Moreover we have 
Im(log2(x)) = 21og(|x|)arg(x), 
hence 
" ) 
(4.5.iv) £>(0 = log(|x|) {2A arg ( * ) + E A
r
arg( l - χ 
I r\N 
= log ( |x |). arg х 2 Д Π (1 - xr)A' \+2k*\ = 
= 2i;irlog(|x|) 
for some integer k. Now we use the fact that F is imaginary quadratic: the image 
D (B (F)) is a subgroup of R of rank 1, who's fundamental region has volume ΛΊρ, 
hence there exists an integer m such that D (£) = τηΜρ- 0 
One consequence of proposition (4.5.6) is the following: elements of В (F) with non­
zero D-value, obtained from solving the cyclotomic equation with a base having 
absolute value equal to 1 cannot contribute to solutions of Lewin's equation (4.5.ІІ). 
Suppose χ € F has absolute value equal to 1. Suppose furthermore that there exists 
a non-trivial solution Α,Αο,Αι,·· of equation (4.5.ІІ). We assume, according to 
Lewin, that all solutions of equation (4.5.ІІ) also satisfy equation (4.5.ІІІ). Propo­
sition (4.5.6) implies D (βΛ = 0 for q := (A, Au · • •, ^ , · · ·)· 
One of the problems that Lewin mentions is the following: given an algebraic 
number field F, how do we find bases in F for the cyclotomic equation that give 
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rise to non-trivial solutions? In most cases, the bases with non-trivial solutions 
for the cyclotomic equation are found by trial and error methods. We will now 
elaborate two examples. 
4.5.7 Example. Define F := Q(v^5) and χ := 2 + ^ . We find the following 
elements in В (F): 
6 = 2 [χ6] + 3 [χ4] - 4 [χ3] - 1 2 [χ2] - 3 6 [ χ ] , 
6 = [ χ β ] - 4 [ χ 2 ] - 4 8 [ χ ] , 
Í3 = [χ1 0] - 2 И + 5 [ χ 4 ] - 2 5 [ χ 2 ] - 3 0 [ χ ] , 
Í4 = [Χ 1 5 ] - 3 [χ5] + 15 [χ4] - 5 [χ3] - 30 [χ2] - 225 [χ]. 
The elements ζ, approximately have the following D-values; 
£)(ίι) « -50.44764, 
£>(Ы « -50.44763, 
0(ξ3) « -50.44765, 
θ{ξ4) « -252.23831. 
These results suggest that Mp » 50.44764. From the table in the appendix we read 
that the left hand side of equation (4.2.iv) for d = — 5 is approximately 50.447631, 
which suggests that \Κ2(Ορ)\ = 1. Notice that the base χ = 2 "*"з^ has absolute 
value equal to 1. 
4.5.8 Example. Consider the number field F := Q ( v ^ Î 5 ) . For this field, the 
group K2 (OF) has order 2. (See Tate[22]). The left hand side of equation (4.2.iv) 
is approximately 37.663367, so the volume Mp of the fundamental region of im (D) 
should be approximately 18.83168. Define χ := ' ^ - 1 5 , and use χ as a base of the 
cyclotomic equation. This base give rise to following solutions: 
»7i 
Ч2 
Пз 
m 
Vs 
Г)6 
ss 
» 
« 
ss 
« 
« 
2 [ χ 3 ] - 1 8 [χ], 
2 [χ5] - 5 [ χ 4 ] + 10 [ χ 2 ] - 1 0 [ χ ] , 
2 [χ6] - 3 [χ4] - 24 [χ], 
2 [χ9] - 9 [χ4] +18 [χ2] - 9 0 [χ]. 
2 [χ1 0] - 15 [χ4] + 40 [χ], 
2 [χ1 4] - 4 [χ7] - 21 [χ4] + 28 [χ2] + 28 [χ], 
The D-values of fy are: 
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DM 
оы 
оы D(K) 
DM 
пы) 
= 
= 
= 
= 
= 
= 
-18.83171, 
0.0 , 
-18.83172, 
-75.32687, 
56.49510, 
56.49505. 
This indicates, that My is approximately 18.83170, which is quite in agreement 
with the predicted value 18.83168. As in the previous example, the base ' t V - 1 5 
has absolute value equal to 1. 
From the observation that both 2 "*"$^ and Ч - 1 5 have absolute value equal 
to 1, and from the fact that both bases yield elements of В (F) with non-zero D-
value, follows that the solutions in both examples cannot yield solutions of Lewin's 
equation (4.5.ІІ). 
As mentioned before, it is not clear how to find bases for the cyclotomic equa­
tion. Starting with bases that have absolute value equal to 1 however, will often 
successfully produce solutions. Based on this observation, a computer program 
was developed, written in MAPLE, that tries to solve the cyclotomic equation for 
a series of bases a E F with F an imaginary quadratic number field, and whith all 
bases α having absolute value equal to 1. Once a base has been fixed, the computer 
program tries to solve the equation 
и 
(4.5.V) W(a)2î° Yl N {I - a")"1· = 1 
n = l 
over the rationals, and for increasing values of M. In this equation, N = Np/Q 
is the norm map. After taking p-valuation (with ρ a prime number), this yields 
equations 
M 
2 q0 vp (N(a)) + £ η qnvp (N(1 - a")) = 0 
n = l 
for all primes p. Since tip (N(a)) φ 0 and vp (ΛΓ(1 - αη)) φ 0 only for a finite set 
of prime numbers p, say {pi,... ,Pi}, we see that the solutions of equation (4.5.v) 
are the vectors with integer coefficients of the null space of the following matrix: 
/ 2vPi(N(a)) vPl(N(l-a)) ... M vPi <N(l-a>")) \ 
2vp,(N(a)) vP3(N(l-a)) ... Μ vPì ( Л Г ( і - а " ) ) 
\2„
Р к
(ЛГ(а)) vpt{N(l-a)) ... M Рк (N{l-a")) J 
The matrix has integer coefficients. Finally, the computer program makes sure that 
such an integer base vector contributes to B(F) by checking whether this vector 
yields a solution that satisfies the original cyclotomic equation (4.5.І). 
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The following table presents some miscellanious results that were obtained with 
the computer program. The results are also established by Browkin. He has found 
solutions of the cyclotomic equation without the aid of a computer. Details can be 
found in Browkin [7]. 
d 
-1 
-2 
-3 
-5 
-6 
-7 
-11 
-15 
-21 
-35 
-51 
-91 
MF 
3.66386 
12.04610 
2.02988 
50.44764 
62.18607 
5.33349 
16.59130 
18.83170 
67.45605 
47.11171 
75.69560 
162.17617 
*/*¿(2;x) 
3.663862 
12.046092 
2.029883 
50.447631 
62.186075 
10.666979 
16.591300 
37.663367 
404.736282 
94.223392 
151.391094 
324.352360 
\КЗ(ОР)\ 
1 
1 
1 
1? 
1? 
2 
1 
2 
6? 
2? 
2? 
2? 
The entries of the table that are marked with a check "^" contain results which are 
already verified by Grayson [11]. The marked entries, and the entry d = —15, are 
entries for which the tame kernel K^ (Of·) has been computed by Tate [22]. The 
second column contains the value M F according to the computer program, which 
we expect to be a multiple of the actual value of Mp. By comparing these values 
with the values of the table in the appendix, we obtain the orders of K? (Of), 
which are given in the third column of the table. If the entry in the third column 
is marked with a question mark "?", then this means that the actual value of 
[Л'г (Ог) | may be a multiple of the value k. 
In all examples the 2-primary component of the tame kernel has order 1 or 2, 
hence is elementary. It's 2-rank then is 0 or 1. The 2-ranks from the first table in 
the appendix agree with the 2-ranks as suggested by the table above. Although the 
computation of the Borei regulator contains many loose ends, these results raise 
confidence concerning the Lichtenbaum conjecture. 
We saw that the regulator can be tracked down by determining the Bloch group. 
The main problem is to find sufficient elements in the Bloch group that survive 
the map D. The above observations indicate that the cyclotomic equation plays a 
key role in the determination of such elements. In order to solve this equation, it 
is important that one understands the Dilogarithm function. It appears that the 
cyclotomic equation offers a subject on which a lot of research still has to be done. 
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Table 1: table of 2-ranks 
This table contains the 2-ranks of the tame kernels of imaginary quadratic number 
fields Fd = Q(\/d), with d a negative squarefree integer. The columns contain 
the number d and the 2-rank r = rkj (A"2 (C^)). Entries that are marked with an 
asterisk "*" have the property, that the tame kernel of Fi has elementary 2-primary 
component, hence |(Ä2 ( O F * ) ^ ! = '^'· See section 3.4 for more details. 
d 
-146 
-149 
-151 
-154 
-156 
-157 
-158 
-159 
-161 
-163 
-165 
-166 
-167 
-170 
-173 
-174 
-177 
-178 
-179 
-181 
-182 
-183 
-185 
-186 
-187 
-190 
-191 
-193 
-194 
-195 
-197 
-199 
-201 
-202 
-203 
-205 
-206 
-209 
-210 
-211 
-213 
-214 
-215 
-217 
-218 Φ 
r 
1 
0 
1 
1 
1 
0 
1 
1 
2 
0 
2 
0 
1 
1 
0 
1 
1 
1 
0 
0 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
0 
1 
1 
0 
1 
1 
1 
1 
2 
0 
1 
0 
1 
2 
0 
d 
-73 
-74 
-77 
-78 
-79 
-82 
-83 
-85 
-86 
-87 
-89 
-91 
-93 
-94 
-95 
-97 
-101 
-102 
-103 
-105 
-106 
-107 
-109 
-110 
-111 
-113 
-114 
-115 
-118 
-119 
-122 
-123 
-127 
-129 
-130 
-131 
-133 
-134 
-137 
-138 
-139 
-141 
-142 
-143 
-145 
2 
0 
0 
0 
1 
1 
1 
1 
1 
0 
2 
0 
1 
1 
1 
1 
0 
1 
0 
1 
1 
0 
1 
1 
1 
1 
d 
-1 
-2 
-3 
-5 
-6 
-7 
-10 
-11 
-13 
-14 
-15 
-17 
-19 
-21 
-22 
-23 
-26 
-29 
-30 
-31 
-33 
-34 
-35 
-37 
-38 
-39 
-41 
-42 
-43 
-46 
-47 
-51 
-53 
-55 
-57 
-58 
-59 
-61 
-62 
-65 
-66 
-67 
-69 
-70 
-71 
г 
• 0 
• 0 
• 0 
• 0 
• 0 
• 1 
» 0 
. 0 
Φ 0 
• 1 
Φ 1 
1 
. 0 
φ 1 
Φ 0 
Φ 1 
Φ 0 
Φ 0 
» 1 
Φ 1 
1 
1 
Φ 1 
• 0 
Φ 0 
Φ 1 
1 
• 1 
Φ 0 
Φ 1 
Φ 1 
Φ 1 
Φ 0 
Φ 1 
1 
. 0 
. 0 
Φ 0 
Φ 1 
1 
Φ 1 
Φ 0 
• 1 
Φ 1 
Φ 1 
TABLE 1 
d 
-219 
-221 
-222 
-223 
-22β 
-227 
-229 
-230 
-231 
-233 
-235 
-237 
-238 
-239 
-241 
-246 
-247 
-249 
-251 
-253 
-254 
-255 
-257 
-268 
-259 
-2β2 
-283 
-265 
-268 
-287 
-269 
-271 
-273 
-274 
-277 
-278 
-281 
-282 
-283 
-285 
-286 
-287 
-290 
-291 
-293 
-295 
-298 
-299 
-301 
-302 
-303 
-305 
-307 
-309 
-310 
-311 
-313 
-314 
-317 
г 
0 
0 
d 
-318 
-319 
-321 
-322 
-323 
-326 
-327 
-329 
-330 
-331 
-334 
-335 
-337 
-339 
-341 
-345 
-346 
-347 
-349 
-353 
-354 
-355 
-357 
-358 
-359 
-362 
-365 
-366 
-367 
-370 
-371 
-373 
-374 
-377 
-379 
-381 
-382 
-383 
-385 
-386 
-389 
-390 
-391 
•393 
-394 
-395 
-397 
-398 
-399 
-401 
-402 
-403 
-40β 
-407 
-409 
-410 
-411 
-413 
-415 
* 
* 
г 
2 
0 
0 
0 
-417 
-418 
-419 
-421 
-422 
-426 
-427 
-429 
-430 
-431 
-433 
-434 
-435 
-437 
-438 
-439 
-442 
-443 
-445 
-446 
-447 
-449 
-451 
-453 
-454 
-455 
-457 
-458 
-461 
-462 
-463 
-465 
-466 
-467 
-469 
-470 
-471 
-473 
-474 
-478 
-479 
-481 
-482 
-483 
-485 
-487 
-489 
-491 
-493 
-494 
-497 
-498 
-499 
-501 
-502 
-503 
-505 
-506 
-509 
0 
2 
1 
0 
0 
2 
<
n
¿
n
¿
ic
n
¿
fc
n
¿
n
c
n
 
en
 
en
 
¿
ι
 
σ
ι
 
^
 
¿
ι
 
¿
ι
 
»
О
н
-
н
-
р
—
 
N
-
^
H
-
 
—
 
»
s
S
i-
i^
-и
-^
-О
О
^-
н
-»
—
 
м
-
н
-
Ю
^
О
М
н
-
О
н
-
О
и
-
М
н
-
О
М
О
М
н
-
О
М
и
-
и
-
^
О
О
·
—
·
—
 
·
—
·
—
»
—
 
Ι
θ
Ν
-
θ
Η
-
h
-
N
-
te
-
^
-
N
-
k
S
M
 
j^
to
aB
-4
^c
ji
-*
o
to
-4
cn
ct
9
N
9
i-
*«
o
a>
c
 !!
£
a
2
ê
ii
a
Ö
i6
Èi
:S
SS
eS
8i
aa
öB
SS
55
;S
S 
=
 
S
 
н
-
О
^
-
О
Ю
^
-
О
О
Ю
 
—
 
—
 
^
-
О
^
-
'
-
М
н
-
О
 
—
 
*
-
*
-
*
-
H
-
H
-
»
0
(0
©
O
O
W
*-
*-
O
M
N
-.
N
-*
-W
©
*-
*-
*-
*-
O
N
-—
*-
W
*-
»O
*-
0
*-
H
-0
©
©
N
-*
-
a
.
 
1 
S
ÍS
S
2S
28
S
3S
S
S
23
33
33
3Í
2S
S
S
2S
S
4S
S
S
2e
S
ft
06
ie
yS
eS
g3
oS
55
35
5c
5S
3S
g 
*
*
#
·
 
*
*
·
·
* 
·
·
·
·
 
*
 
»
 
»
 
*
·
*
* 
*
·
·
·
* 
*
»
·
 
*
·
*
* 
# 
# 
*
*
 
*
·
»
*
* 
*
*
*
 
Μ
·
Ο
Ο
Μ
Ο
·
-
Ι
Ο
Η
-
Η
-
0 
—
 
Ν
-
|θ
Η
-Η
-Ο
Μ
Ο
^-
Ιθ
Η
-Η
-μ
-Η
-*
-Ν
-Μ
Ο
Ο
^-
μ-
Ν
-^
-^
-θ
Ν
-Η
-Ν
-Μ
θ
Ν
-Ν
-©
^-
^-
Ν
-^
-Ι
θ
Η
-Ν
-Ν
-Μ
»Ο
Μ
Η
-β
Η
-^
-*
ί
 
a
.
 
τ
 
TABLE 2 127 
Table 2: table of L(2; χ)-values 
The following table contains a numerical approximation of L (2; χ) and -Ц— L (2, χ) 
for the first 288 imaginary quadratic number fields. The value H ^ L ( 2 ; x ) is the 
the left hand side of equation (4.2.iv) on page 102. The table contains the following 
columns: 
1: the integer d determines the imaginary quadratic number field F := Q(v5); 
all integers d are squarefree; 
2: the discriminant of F is D; 
3: the value in this column is an approximation for ¿(2; χ) with 6 digits accu­
racy; 
4: this column contains the value of the third column multiplied with the factor 
H^-; the number ƒ is the conductor of F, for quadratic number fields ƒ is 
equal to the absolute value of D. 
d 
•1 
-2 
-3 
-5 
-β 
-Τ 
-10 
-11 
-13 
-14 
-15 
-17 
-19 
-21 
-22 
-23 
-26 
-29 
-30 
-31 
-33 
-34 
-35 
-37 
-3β 
-39 
-41 
-42 
-43 
-46 
D 
-4 
-β 
-3 
-20 
-24 
-7 
-40 
-11 
-52 
-56 
-15 
-68 
-19 
-04 
-M 
-23 
-104 
-116 
-120 
-31 
-132 
-136 
-35 
-148 
-152 
-39 
-164 
-168 
-43 
-184 
Ц2.Х) 
915966 
1 064734 
781302 
1 128043 
1 057807 
1 151925 
931428 
«09539 
895924 
1 165527 
1 296619 
1 115931 
768851 
1 051437 
855839 
1 403217 
1 184397 
1 161305 
999213 
1 252980 
985487 
95053T 
910095 
837768 
1 107567 
1359658 
1 193660 
964830 
690541 
922841 
ή-ια,χ) 
3 663862 
12 046092 
2 029883 
50 447631 
62 186075 
10 666979 
117 817421 
16 591300 
167 975537 
244 216089 
37 663367 
312 874820 
31 837778 
404 736282 
353 253339 
77 390306 
628 083470 
725 443067 
656 749726 
108 132605 
747 277261 
753 784976 
94 223392 
734 199561 
1037 780532 
165 575704 
1253 476923 
1050 472332 
97 355884 
USI 658796 
d 
-47 
-51 
-53 
-55 
-57 
-58 
-59 
-61 
-62 
-65 
-66 
-67 
-69 
-70 
-71 
-73 
-74 
-77 
-78 
-79 
-82 
-83 
-85 
-86 
-87 
-89 
-91 
-93 
-94 
-95 
D 
-47 
-51 
-212 
•55 
-228 
-232 
-59 
•244 
-248 
-260 
-264 
•«7 
-276 
-280 
-Tl 
-292 
-29« 
-308 
-312 
-79 
-328 
-83 
-340 
-344 
-87 
-356 
-91 
-372 
-376 
-95 
Ц2.Х) 
1 447558 
831333 
1 067837 
1 228569 
945773 
830263 
946326 
966630 
1 114567 
1 115667 
1 070382 
674718 
1 065558 
891725 
1 505707 
880571 
1 161587 
1 089798 
933864 
1240136 
875516 
889245 
881231 
1 144720 
1 322759 
1 187387 
747283 
929205 
973765 
1 478884 
ή-ιν,χ) 
233 213084 
151 391094 
1648 081540 
250 561125 
1628 018765 
1466 958134 
214 431612 
1842 106753 
2176 474813 
2338 646319 
2295 697544 
185 014019 
2442 927768 
2088 998244 
450 399674 
2196 892046 
2957 735163 
2945 385955 
2573 271938 
435 391532 
2600 427216 
336 208555 
2762 347159 
3651 800424 
536 697435 
3987 835369 
324 352360 
3333 465707 
3549 816508 
684 682902 
d 
-97 
-101 
-102 
-103 
-105 
-106 
-107 
-10« 
-ПО 
-111 
-ИЗ 
-114 
-115 
-118 
-119 
-122 
-123 
-127 
-129 
-IJO 
-131 
-133 
-134 
-137 
-138 
-139 
-141 
-142 
-143 
-145 
-146 
-149 
-151 
-154 
-155 
-157 
-158 
-159 
-161 
-•63 
-165 
-166 
-167 
-170 
-173 
-174 
-177 
-178 
-179 
-181 
-182 
-183 
-185 
-186 
-187 
-190 
-191 
D 
-388 
-404 
-408 
-103 
-420 
-424 
-107 
-43« 
-440 
-111 
-452 
-45« 
-115 
-472 
-119 
-488 
-123 
-127 
-51« 
-520 
-131 
-532 
-53« 
-548 
-552 
-139 
-564 
-see 
-143 
-580 
-584 
-596 
-151 
-«16 
-155 
-628 
-«J2 
-159 
-644 
-163 
-660 
-664 
-167 
-680 
-692 
-696 
-708 
-712 
-179 
-724 
-728 
-183 
-740 
-744 
-187 
-760 
-191 
Ц2.Х) 
.869774 
1 207611 
.927227 
1 183153 
1.013174 
.923098 
.««2277 
.921842 
1.14889« 
1.398869 
1 058779 
1.019021 
.728404 
.89467« 
1 533250 
1.093501 
758005 
1.152704 
1 078312 
.869387 
960754 
856615 
1.165391 
1.049350 
985408 
.77263« 
1.008410 
.850482 
1.468354 
928518 
1 192300 
1 155551 
1 235542 
937780 
887474 
881888 
1 044029 
1 403777 
1 177633 
«62386 
983828 
961982 
1 471487 
1 103410 
1.117887 
1 054810 
919702 
899532 
922123 
957513 
1 087607 
1 282723 
1 150968 
1 039121 
700271 
863267 
1 525528 
4^2; x) 
3323 717442 
4903 083239 
3820.729576 
618.396129 
4360 416992 
4029 642767 
477 191407 
4196.201721 
5301.877494 
817.959064 
5087 248467 
4941.357238 
449.147390 
4587 211743 
995 184332 
5894 119231 
517.0109«« 
824.884616 
6319 591336 
5154 51944« 
720.259697 
5255 «08938 
7230.838968 
«730.713449 
6389 907915 
633.092080 
6753 450369 
5756 491177 
1255 466014 
6484.887387 
8413 46669« 
8406 760510 
1146 286221 
7168 727803 
856 294884 
6939 415123 
8293 890215 
1409 230835 
9622 960999 
689 227780 
8340.746827 
8229 794798 
1587 819093 
9782 958767 
10174 828548 
9684 077764 
8662 971214 
8544 895620 
1104 176062 
9326 580086 
10681 663282 
1587 740639 
11584 599384 
10543 759113 
895 361955 
9043 481339 
2013.446908 
d 
-193 
-194 
-195 
-197 
-199 
-201 
-202 
-203 
-205 
-20« 
-209 
-210 
-211 
-213 
-214 
-215 
-217 
-218 
-219 
-221 
-222 
-223 
-226 
-227 
-229 
-230 
-231 
-233 
-235 
-237 
-238 
-239 
-241 
-246 
-247 
-249 
-251 
-253 
-254 
-255 
-257 
-258 
-259 
-262 
-263 
-265 
-266 
-267 
-269 
-271 
-273 
-274 
-277 
-278 
-281 
-282 
-283 
D 
-772 
-776 
-195 
-788 
-199 
-804 
-808 
-203 
-820 
-824 
-836 
-840 
-211 
-852 
-856 
-215 
-868 
-872 
-219 
-884 
-888 
-223 
-904 
-227 
-916 
-920 
-231 
-932 
-235 
-948 
-952 
-239 
-964 
-984 
-247 
-996 
-251 
-1012 
-1016 
-255 
-1028 
-1032 
-259 
-1048 
-263 
-1060 
-1064 
-267 
-1076 
-271 
-1092 
-1096 
-1108 
-1112 
-1124 
-1128 
-283 
Ц2;х) 
.844013 
1.207149 
.825233 
1 057727 
1 269170 
1.047102 
.873820 
.861613 
899799 
1 200642 
1.199023 
981748 
.743552 
.967246 
.900354 
1 522437 
883715 
1 052412 
.823424 
1 144205 
1 001374 
1 171069 
.917711 
.887081 
.946714 
1.169565 
1 393331 
1 068289 
699572 
998203 
880496 
1 532250 
962415 
1 022540 
1 129343 
1 023724 
955587 
838936 
1 135663 
1 366526 
1 106432 
962309 
763555 
868263 
1 435843 
904962 
1 172148 
739501 
1 191660 
1 277823 
952836 
940374 
853830 
1 087797 
1 159401 
947077 
713637 
4¿(2.x) 
9052.007994 
13047.388108 
1123.566393 
11β9β 5T1551 
1781.433130 
11935 56985« 
10034.804450 
1246.023252 
10564 196504 
14199 544339 
14491 282250 
11950.575317 
1139.475815 
12027.251772 
11274.41*593 
2399.755413 
11299.571679 
13549.722348 
1334.319«βΟ 
1503« 686047 
13249.08779« 
1949 888933 
12471.778041 
1516.052783 
13122 967646 
18318.343202 
2445 919560 
15197.869230 
1260 098240 
14588.046329 
12931 609180 
2830.717802 
14402.832466 
15781 312791 
2192.004144 
16089 480382 
1899 987228 
13504 227007 
18389 08599« 
2782 263743 
18234 110624 
15951 600694 
1591 329449 
14728 «58736 
3062 038420 
15615 612612 
20340 659139 
1613 15374« 
21030 064813 
2850 327525 
17191 837978 
17060 292322 
15745 311074 
20168 575640 
21845 062865 
17939 856966 
1698 740236 
2 
d 
-383 
-385 
-3ββ 
-389 
-390 
-391 
-393 
-394 
-3»S 
-39T 
-398 
-399 
-401 
-402 
-403 
-408 
-407 
-409 
-410 
-411 
-413 
-413 
-417 
-418 
-419 
-421 
-422 
-426 
-427 
-429 
-430 
-431 
-433 
-434 
-435 
-437 
-438 
-439 
-442 
-443 
-445 
-446 
-447 
-449 
-451 
-453 
-454 
-455 
-457 
-458 
-461 
-462 
-463 
-465 
-466 
-467 
-469 
D 
-383 
-1540 
-1544 
-1558 
-1560 
-391 
-1572 
-1576 
-395 
-1598 
-1592 
-399 
-1604 
-1608 
-403 
-1624 
-407 
-1636 
-1640 
-411 
-1652 
-415 
-1668 
-1672 
-419 
-1684 
-1688 
-1704 
-427 
-1716 
-1720 
-431 
-1732 
-1736 
-435 
-1748 
-1752 
-439 
-1768 
-443 
-1780 
-1784 
-447 
-1796 
-451 
-1812 
-1816 
-455 
-1828 
-1832 
-1844 
-1848 
-463 
-1860 
-1864 
-467 
.,.,. 
Ці.х) 
l 463577 
889749 
1 139664 
1 149021 
1 020635 
1 287404 
96010« 
913837 
925311 
862569 
1 108242 
1 389725 
1 135614 
998509 
676653 
956008 
1 428759 
964407 
1 090145 
841441 
1 098147 
1 187981 
958569 
873408 
952260 
910458 
1 035429 
1 084867 
679716 
1 024365 
916273 
1 534738 
890310 
1 160573 
782942 
1104114 
935230 
1 288461 
854372 
845030 
876783 
1 211183 
1 314468 
1 131170 
777124 
975397 
949369 
1 496717 
852647 
1 129596 
1 198248 
945131 
1 116454 
1015161 
900037 
882899 
950761 
Ί-42,χ) 
5485 087955 
26885 540500 
34571 459038 
35262 428771 
31443 240106 
4976 798981 
29920 533209 
28587 279852 
3632 063040 
27292 273047 
35198 092448 
5538 065428 
36476 00126Г 
32192 218662 
2737 118049 
31283 170849 
5865 710277 
31908 405189 
36200 941969 
3505 551816 
36867 649359 
5021 712176 
32650 308150 
29856 698382 
4083 633733 
31458 871260 
35904 526279 
38154 940664 
2998 743175 
36408 308229 
32680 423755 
6866 258369 
32087 290268 
41972 704556 
3551 676748 
40345 579765 
34291 739152 
5925 679085 
31757 081584 
3939 561648 
32922 464949 
45632 253175 
6211 281134 
43048 453389 
3721 562874 
37617 388326 
36734 903485 
7263 179275 
33319 974272 
44287 524985 
47441 483560 
37541 795728 
5561 376211 
40716 866169 
36215 889865 
4455 088178 
38626 981789 
d 
-285 
286 
287 
-290 
-291 
293 
295 
-298 
-299 
-301 
302 
-303 
305 
307 
-309 
-310 
311 
-313 
-314 
-317 
318 
-319 
321 
-322 
323 
-326 
-327 
-329 
-330 
-331 
-334 
-335 
-337 
-339 
-341 
-345 
-346 
-347 
-349 
353 
-354 
-355 
-357 
-358 
-359 
-362 
-365 
-366 
-367 
370 
-371 
-373 
-374 
-177 
-379 
-381 
-382 
D 
-1140 
-1144 
-287 
-1160 
-291 
-1172 
-295 
-1192 
-299 
-1204 
-1208 
-303 
-1220 
307 
-1236 
-1240 
-311 
-1252 
-1256 
-1268 
-1272 
-319 
-1284 
-1288 
-323 
-1304 
-327 
-1316 
-1320 
-331 
-1336 
-335 
-1348 
-339 
-1364 
-1380 
-1384 
-347 
-1396 
-1412 
-1416 
-355 
-1428 
-1432 
-359 
-1448 
-1460 
-1464 
-367 
-1480 
-371 
-1492 
1496 
-1508 
-379 
-1524 
-1528 
Ц2.Х) 
1 039882 
954635 
1 447542 
1 149383 
809616 
1 113828 
1 177536 
848840 
962813 
916900 
1 055568 
1 275680 
1 105930 
710560 
1 013945 
886227 
1 573412 
878536 
1 206193 
1 040767 
984802 
1 227640 
1 081381 
868394 
837930 
1 163245 
1 316276 
1 183409 
965284 
727384 
948615 
1 522043 
861111 
851722 
1 210336 
962462 
935223 
855586 
960320 
1 089829 
1 034867 
738620 
946566 
847900 
1 535144 
1 102897 
1 120697 
1 007419 
1 172607 
923108 
940386 
868876 
1 203317 
1 088190 
724303 
1 072010 
856431 
4^.X) 
20012 967986 
18469 122600 
3319 037537 
22705 019293 
2009 501962 
22344 961410 
2983 165136 
17466 677004 
2488 964534 
19152 774991 
22159 328627 
3364 151445 
23563 362365 
1911076352 
22029 873018 
19348 509309 
4314 723170 
19459 692962 
26845 482750 
23496 464185 
22338 265198 
3497 252703 
24876 897658 
20070 602426 
2432 100586 
27387 829039 
3891 691792 
28248 069886 
23146 527880 
2190 160910 
23161 669307 
4666 207642 
21309 040659 
2658 076493 
30485 805424 
24670 172701 
24076 267865 
2765 209893 
23044 604538 
28912 139188 
27570 793480 
2470 208997 
25539 553357 
22973 598174 
5221 086295 
30364 911031 
31259 884947 
28215 763757 
4122 129736 
26279 369636 
3359 983133 
25036 933963 
34613 473777 
31862 258558 
2672 078296 
31889 393883 
25576 877275 
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Samenvatting 
Volgens een stelling van Garland is de tamme kern van een algebraïsch getallen-
lichaam een eindige abelse groep. Het is echter niet eenvoudig om bij een gegeven 
getallenlichaam de tamme kern ook daadwerkelijk te bepalen. We beperken ons 
daarom tot grootheden, die ogenschijnlijk eenvoudiger te bepalen zijn, zoals het 
berekenen van de orde van de tamme kern van een getallenlichaam. Maar zelfs 
dat is geen eenvoudige opgave. We delen ons probleem op in kleine stukjes, door 
priemmacht rangen te berekenen, en wel voor diverse priemgetallen en machten. 
Indien we in staat zouden zijn om bij ieder priemgetal voor voldoende hoge priem-
macht zulke rangen te berekenen, zouden we voldoende informatie ter beschikking 
hebben om de orde van de tamme kern te berekenen. Met behulp van een tech-
niek, afkomstig van F. Keune zijn we inderdaad in staat om zulke priemmacht 
rangen uit te rekenen. Hiervoor is het noodzakelijk om rangen van ideaalklassen-
groepen van zekere getallenhchamen uit te rekenen. Deze techniek is toepasbaar 
op alle getallenlichamen, en het werkt voor alle oneven priemgetallen. Veel van 
de beschouwingen werken echter ook voor het priemgetal 2, maar er zijn een paar 
plaatsen in de theorie van F. Keune waar het priemgetal 2 problemen veroorzaakt. 
Dit proefschrift behandelt de berekening van de 2- en 4-rang van de tamme kern 
van kwadratische getallenlichamen. De 4-rangen worden berekend met behulp van 
Keune's exacte rij. Het blijkt dat men in staat is om voornoemde bezwaren te 
omzeilen, indien we ons beperken tot kwadratische getallenlichamen. 
Er bestaat ook een berekeningswijze waarvan het resultaat naar alle waarschi-
jnlijkheid de orde van de tamme kern is. Deze methode maakt gebruik van het 
vermoeden van Lichtenbaum, welke de orde van de tamme kern relateert aan waar-
den van zekere L-functies. Indien het gaat om een totaal reëel getallenlichaam, 
staat het vermoeden beter bekend als het vermoeden van Birch-Tate. Het is be-
wezen, dat dit vermoeden juist is voor alle oneven priemdelers van de orde van de 
tamme kern. Aangezien we zo twee manieren hebben om de orde van de tamme 
kern te bepalen, is het nu interessant om de uitkomsten hiervan te vergelijken. 
Dit proefschrift is opgedeeld in vier hoofdstukken. Het eerste hoofdstuk be-
handelt reeds bekend materiaal, met als enig doel om een korte inleiding te geven 
tot de theorie, welke behandeld wordt in de rest van dit proefschrift. In het bij-
zonder worden de klassieke resultaten betreffende de 2-rangen van tamme kernen 
behandeld. Het tweede hoofdstuk gaat over Keune's exacte rij, waarbij de nadruk 
ligt op het gedrag ven het priemgetal 2. Als gevolg van de beschouwingen van 
dit hoofdstuk verkrijgen we formules betreffende de 4-rang van tamme kernen van 
kwadratische getallenlichamen. Het derde hoofdstuk behandelt diverse soorten 
4-rang formules. Voorts bestuderen we kwadratische getallenlichamen waarvan de 
2-primaire component van de tamme kern elementair abels is. Tenslotte bestuderen 
we in hoofdstuk 4 de relatie van 4-rangen met het vermoeden van Lichtenbaum, en 
we proberen dit vermoeden voor enige voorbeelden te verifiëren. Als nevenresultaat 
van de beschouwingen in dit hoofdstuk verkrijgen we enige resultaten betreffende 
Abel's vijfterm vergelijking en de Dilogarithme. 
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STELLINGEN 
behorende bij het proefschrift 
The 2-primary component of the tame kernel 
of quadratic number fields 
van 
M.C. Boldy 
(1) Zij d een positief kwadraatvrij geheel getal. Zij Fi := Q(v5) en zij 
F2 := Q(v^33). Zij ej := гкз № ( O F , ) ) - гкз (Л'2 (OF,)) bet verschil van de 
3-rangen van de tamme kernen van Fi en F2. Dan geldt 
als 3 splijt in Q(\/d), 
als3 splijt in Q(\/-3d), 
in alle andere gevallen. 
(2) Zij M
n
 = 2" — 1 het n e Mersenne getal (n > 3). Als M
n
 kwadraatvrij is, dan 
is het klassenaantal van Q(-\/— M
n
 ) deelbaar door η — '2. 
Zij F
n
 = 22 + 1 het ne Fermât getal (n > 2). Als F„ kwadraatvrij is, dan is 
het klassenaantal van Q(\/?n~) deelbaar door 2n-1— 1. 
(3) Zij m > 1. Voor het m-de Bernoulli getal Bm geldt: 
(-1)* 
* . - Σ Σ „ L:::J 
t = l 1 f»i, ,η»>2 (m + Jk)!' 
(4) De vergelijking 
p m - qn = 1 
waarbij ρ en q priemgetallen zijn en m en η positieve gehele getallen, heeft 
precies de volgende oplossingen: 
(1) ρ = 2, q = 2 m — 1 is een Mersenne priemgetal en »г = 1; 
(2) ρ = 22 + 1 is een Fermât priemgetal, q = 2, m = 1 си η = 2Γ; 
(3) p = n = 3 e n ç = m = 2. 
(5) Zij η > 3. Noteer het minimumpolynoom van ζ ί + ζ~ " = 2cos^ over Q 
met Φ„(Χ). Definieer polynomen h
m
(X) en b
m
(X) voor m > 0 als volgt: 
als m = 0, 
h
m
(X) := ^ X als m = 1, 
l(X)-hm.2(X) als m > 2, 
en 
b
m
(X) 
{Xh
m
-i( 
Als η = p r met ρ een oneven priemgetal en г > 1, dan geldt 
*n = 6 ^ °hpr-l, 
en als η = 2 r met r > 2, dan geldt 
* „ =Λ 2 ,- 3 . 
(6) Zij η > 2, en zij k £ {1,2,..., [%]}. Een T-ruit van soort к is een ruit waarvan 
de lengte van een zijde gelijk is aan 1, en waarvan de niel-stompe hoek gelijk 
is aan 4? radialen. 
Fig. 1: een T-ruit. 
In een tegeling met T-ruiten van een 2n-gon met ribbe 1 is liet aantal T-ruiten 
gelijk aan Q). Bij iedere waarde van к £ {1,2,..., [2]} komt de T-ruit van 
soort ib precies η keer voor in de tegeling, behalve als η even is en к = ^. In 
dat geval is het aantal T-ruiten van soort ^ in de tegeling gelijk aan ^ . 
(7) Teneinde de verkeersveiligheid te verhogen verdient het aanbeveling de relatie 
"heeft voorrang op", gedefinieerd op de verzameling van alle bestuurders, 
transitief te maken door van alle gelijkwaardige kruisingen en splitsingen van 
wegen voorrangskruisingen respektievelijk -splitsingen te maken. 
(8) Met ingang van 1992 dient het Reinheitsgebot in alle landen van de Europese 
Gemeenschap van kracht te worden. 
(9) Even 2 is an odd prime. 


